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A b s t r a c t
A derivation of the elastic scattering differential cross section, within a three- 
body eikonal model, that treats both central and spin-orbit interactions between the 
constituent projectile clusters and the target is presented. This formalism is then 
used in the theoretical study of the scattering of 8B from 12C at 40 MeV/nucleon. 
The proton halo candidate, 8B, is taken to consist of a single valence proton orbiting 
a 7Be core cluster.
Calculation of the elastic scattering amplitude relies upon determining the phase 
shifts caused as the projectile passes through the region of interaction with the 
target. A form for the orbital angular momentum operator of each projectile cluster 
about the target is obtained that allows a relatively simple form for the spin-orbit 
phase shift functions, analogous to those for the central interactions, to be deduced.
The study of the angular distribution of the elastic scattering differential cross 
section is carried out in two parts. Initially the effect of elastic break-up and re­
combination of the projectile during the scattering process, only taking into account 
central interactions, is studied. To gauge the magnitude of these effects, within the 
tliree-body model, the elastic scattering differential cross section, in the limit of no 
projectile break-up, is derived. Despite the very small binding energy of 8B it is 
shown that these effects are quite small. It is also shown, however, that these effects 
become more conspicuous as the valence proton becomes less localised about the 
core. Finally the effect of including spin-orbit interactions is studied. In the system 
under study these effects are shown to have an almost negligible effect on the angu­
lar distribution of the differential cross section. However, increasing the projectile 
kinetic energy to the region of hundreds of MeV/ nucleon is seen to increase their 
significance.
Future calculations hope to look at the angular distribution of the elastic scat­
tering differential cross section and vector and tensor analysing powers of polarised 
beams of deuterons as these systems are expected to show more sensitivity to spin- 
orbit interactions. Furthermore, with the possibility of polarised beams of halo 
nuclei, the three-body Glauber model would be an ideal theoretical tool with which 
to study certain of their spin-related phenomena too.
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Chapter 1
Introduction
When a beam of nuclei is incident upon a nuclear target one of the quantities, 
characteristic of the scattering process, that may be measured is the differential 
cross section ^  (6 ,0). This quantity is defined as the number of particles scattered 
in the direction (#, </>) per unit time per unit solid angle divided by the beam intensity 
and has the dimension of an area. Theoretically the differential cross section may be 
interpreted in terms of the probability of scattering in the direction (0 , p) and may 
be calculated from
+ ( M )  =  | / ( 0 , ® | 2 , (l.i)
where the scattering amplitude, / ,  is related to the asymptotic behaviour of the 
scattering wave function which contains our theoretical knowledge of the scattering 
process. Thus equation 1.1 provides a fundamental link between empirical data and 
theory. The ability of a theory to be able to reproduce or predict the angular distri­
bution of the differential cross section is obviously necessary if we are to understand 
the effects of nuclear structure and inter-nuclear interactions during the scattering 
process. The work presented in this thesis will concentrate on the theoretical formu­
lation and calculation of the elastic scattering differential cross section of a two-body 
projectile from a target nucleus within the eikonal approximation [1] for particles 
with intrinsic spins.
Nowadaj'S it is possible to study exotic and unstable nuclei such as n Li, n Be
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and 8B using radioactive nuclear beams. These nuclei are interesting for a number 
of reasons. Such exotic and weakly bound structures lie close to the drip lines 
and contain neutrons and protons in quite different proportions to those of stable 
nuclei. Beams of this type of nuclei, pioneered at Berkeley, U.S.A. by Tanihata and 
his collaborators in the mid 1980’s [2, 3, 4], were initially produced as energetic 
secondary radioactive nuclei produced by projectile fragmentation in high energy 
heavy-ion reactions. Further developments in experimental techniques have since 
allowed beams with energies between a few MeV to around one GeV per nucleon to 
become available at a number of sites around the world [5], for example at GANIL 
(France), GSI (Germany), RIKEN (Japan) and MSU (U.S.A.). The nuclei u Li 
and 8B exist onfy fieetingly, having half lives of only 8.5 and 770 milli-seconds, 
respectively, but long enough for these weakly bound nuclear systems, that have not 
previously been available, to be studied.
The first experiments performed using these beams measured the interaction 
cross section 07, defined as the total probability of removing one or more nucleons 
from the projectile, with specific targets. These empirical values were then compared 
with optical limit Glauber model calculations of the reaction cross section, crR [6, 7], 
which measures the probability of an inelastic process occurring during the interac­
tion between the projectile and target. In the calculation of an  the projectile may 
remain in its ground state, in which case the target must become excited, however, 
in the measurements of cy the projectile cannot remain in its ground state but it is 
possible that the target does. The difference between a R and oy then measures the 
probability that the projectile remains in its ground state but the target becomes 
excited during their interaction. The nuclei comprising radioactive beams charac­
teristically have very small binding energies and so are unlikely to excite a strongly 
bound target while themselves remaining intact. In this case a R and cy may be 
compared directly. The optical limit Glauber model calculation of a R requires a 
knowledge of the nucleon density distributions of the target and projectile. Thus 
by fitting calculated values of a R to empirical values of cy an r.m.s. radius of the
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projectile nuclear matter distribution may be inferred.
For certain light, neutron rich nuclei the measured value of a/ appeared large 
compared to those of stable neighbouring nuclei and lead to a prediction of an 
anomalously large r.m.s. matter radius. To explain this it was proposed that one or 
two weakly bound nucleons were tunneling their way to large distances beyond a core 
nucleus to exist as a tenuous ‘halo’ [8, 9]. The separation energy of the nucleons 
forming the halo is small compared to the average binding energy per nucleon of 
6 — 8 MeV seen for stable nuclei and the resulting long tail to the nuclear density 
distribution significantly affects the value of the reaction cross section.
The existence of neutron halo nuclei, such as u Li and 11Be, is not now dis­
puted. However, the same cannot be said for the case of proton halo nuclei. A 
very good candidate for this case is 8B, which is proposed to have a single, p-state, 
valence proton bound to a 7Be core by only 137 keV. The measured value of the 
8B quadrupole moment by Minamisono et al. in reference [10], caused bj7 a non- 
splierically symmetric charge distribution, was found to be much larger than that 
calculated assuming the nucleus to be strongly bound. The proton density distri­
bution, calculated from Cohen-Kurath shell-model wave functions, showed a large 
radial swelling and was used to explain the quadrupole moment and was claimed as 
evidence for a proton halo based on the calculations of Kitagawa and Sagawa, refer­
ence [11]. Measurements by Schwab et al., in reference [12], of the fragmentation of 
8B into 7Be +  p show a narrow longitudinal momentum distribution and have lead 
to the claim of an extended spatial distribution of the loosely bound proton in 8B. 
However, measurements of oy, by Tanihata et al. in reference [4], do not support the 
claim of an extended nuclear density distribution, whereas those of Warner et al., in 
reference [13], do.
Quite an obvious difference between the proton and neutron situations is in their 
Coulomb interactions. The proton forming the halo would feel effects due to the 
charged core and the Coulomb barrier would be expected to reduce the spatial extent 
of the halo. Another obstacle that the valence proton must overcome is that of the
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centrifugal potential. This is proportional to and hence is strongly dependent 
on the orbital angular momentum, I, of the proton. With these two barriers present 
the tail of the 8B density would not be expected to extend very far, giving the density 
distribution an r.m.s. radius not greatly dissimilar to those of stable nuclei of similar 
mass. Following this we would not expect empirical values of o j  to be particularly 
enhanced compared to those of adjacent nuclei.
The calculations of Nakada and Otsuka, in reference [14], showed that it was 
possible to reproduce the large quadrupole moment of 8B, using a (0 +  2) Tito shell- 
model calculation, that did not require the introduction of a proton halo. Similarly, 
the work of Descouvemont and Baye, in reference [15], using a three cluster, a + 3He 
+  p, generator coordinate method was also able to reproduce many experimentally 
measured spectroscopic properties of 8B, including the quadrupole moment, without 
any clear indication of a proton halo. A proton skin, defined to be the difference 
between the r.m.s. radii of the proton and neutron distributions, with thickness of 
0.5 fm was deduced using microscopic multi-configuration multi-cluster calculations 
by Csoto, in reference [16], that also reproduced the large quadrupole moment. A 
similar conclusion was obtained by Fayans et al., in reference [17], after performing 
coupled-channels calculations of the angular distribution of the differential cross 
section and reaction cross section of the 8B +  12C system using a density dependent 
double folding optical potential.
The structure of 8B remains open to debate, but its resolution is required if the 
long standing discrepancy between the measured flux of high energy neutrinos from 
the Sun to that theoretically predicted, the so called ‘Solar neutrino problem’, is 
to be explained. Every star is producing and supplying the Universe with a steady 
stream of neutrinos which interact so weakly with matter that practically none of 
them are ever reabsorbed ; nearly every neutrino born into the Universe is still 
alive. The Earth receives most of its neutrino flux from the Sun, .approximately 
one in one million coming from outer space [18, 19]. Some 4 x 1010 neutrinos pass 
through each square centimetre of the Earth per second, the vast majority coming
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from the reaction p +  p —»■ d +  e+ +  ve. This reaction was proposed by Bethe and 
Critchfield [20, 21] to start the hydrogen burning process in stars which sees four 
protons combining to form a 4 He nucleus with the release of about 25 MeV of energy. 
Another neutrino producing reaction in the sun, but not nearly so prolific, is the 
beta decay of 8B (8B —> 8Be +  e+ +  i/e), from which the neutrinos come away with 
about 15 MeV of energy. In fact, this decay produces all neutrinos with energies 
above 2 MeV [22] and it is these that the experiments at Homestake gold mine, South 
Dakota, and Kamioka, Japan are able to detect [23]. During the formation of 8B 
through radiative proton capture, 7Be +  p -»  8B +  7 , when the incoming proton’s 
energy and the binding energy of the bound state are small, the main contribution 
to capture comes from the tail of the bound state wave function [24, 25, 26]. So we 
see it is important to know the structure of 8B if this aspect of the solar neutrino 
problem is to be resolved.
In this work the projectile nucleus is assumed to be composed of two bound 
clusters. From this assumption an expression for the three-body elastic scattering 
amplitude, that includes a treatment of the spin-orbit interaction between each pro­
jectile cluster and the target will be deduced within a three-body eikonal, or Glauber, 
model. This will then be applied to calculate the angular distribution of the elastic 
scattering differential cross section of 8B +  12 C, which may be compared to the ex­
perimental data of Pecina et al. of reference [27]. Experimentally the energy of the 
scattered 8B nucleus was resolved to within 4% and it was not possible to fully dis­
tinguish between elastic and inelastic scattering events, hence that data is referred to 
as being for quasi-elastic scattering. We assume the 8B nucleus to be composed of a 
single valence proton very loosely bound, by only 0.137 MeV, to a (spin |) 7Be core 
nucleus [28]. In order to get some idea of the effect of the valence proton on the size 
of the 8B nucleus we take the single particle density of 7Be to have an r.m.s. radius 
of 2.33 fin [4], the corresponding value for 8B is then calculated, from references [29] 
and [30], to be 2.57 fm. This halo is not as pronounced as that of the two neutron 
halo of 11 Li where, from reference [31], the r.m.s. matter radii of 9Li and 11 Li have
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been calculated by comparing few-body Glauber model calculations with empirical 
interaction cross section values to be 2.30 fm and 3.53 fm, respectively.
In chapter 2 the elastic scattering amplitude is calculated within the three-body 
Glauber model for the case of central interactions between the target and projectile 
constituents. A description of the treatment of the Coulomb interaction is also 
presented.
In chapter 3 the problem of introducing spin-orbit interactions between the con­
stituent projectile clusters and the target and their incorporation into the elastic 
scattering amplitude will be derived for the first time. It will be seen that this leads 
to a relatively manageable expression from which the elastic scattering differential 
cross section may be deduced.
The work of chapters 2 and 3 applies quite generally to the elastic scattering 
of any two-body projectile. However, in chapters 4 and 5 we focus attention upon 
the 8B +  12C system. Chapter 4 looks at the effect of projectile elastic break-up 
and recombination on the differential cross section when only central interactions 
occur. In order to do this we, initially, calculate the no break-up limit of the three- 
body Glauber elastic scattering amplitude and compare angular distributions of the 
differential cross section calculated in this limit with those allowing break-up. Under 
these conditions the effects of the valence proton and the size of the projectile on the 
differential cross section are discussed. Chapter 5 discusses the effect of including 
spin-orbit interactions on the angular distribution of the differential cross section. 
The sensitivity of the differential cross section to the projectile valence proton-target 
spin-orbit optical potential, the magnitude of the spin-orbit optical potentials and 
the energy dependence of the spin-orbit effects are each investigated.
Following that, we summarise the results obtained and various conclusions will 
be drawn.
Appendix E presents a short introduction to the published paper of the present 
author [32], appended to the rear cover, pertaining to optical limit Glauber model 
calculations of the reaction cross section and their use in deducing the r.m.s. radii
of nuclear density distributions of exotic halo nuclei, with particular reference to the 
11 Li nucleus.
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Chapter 2
Elastic scattering of a two-body 
projectile in the Glauber model
Thanks to the endeavours of many experimentalists over the past decade, beams of 
exotic nuclei have become available [33, 34]. High quality data on the scattering of 
such nuclei has spurred theorists to study the structures of light nuclei close to the 
drip lines and their manifestation in scattering experiments.
The fragmentation reactions used to produce these nuclei result in high energy 
beams. For such beams and for forward scattering we may use the eikonal, or 
Glauber, approximation to calculate the elastic scattering amplitude [1, 6]. We 
shall use a few-body model that treats the target as a single, strongly bound, mean 
field nucleus and the projectile as composed of two bound clusters. For such a 
composite projectile it is assumed, in the Glauber model, that the relative motion 
of the projectile centre of mass is very much faster than its internal motions so 
that the relative coordinates remain fixed throughout the scattering process [35]. 
Furthermore, it is assumed that the constituents of the projectile interact with the 
target via two-body interactions. Such models have been applied to the deuteron 
and 11 Li, in references [36, 37], the resulting calculated cross sections comparing 
favourably with available experimental data.
We extend this framework to study the elastic scattering of other systems of
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bound two-body projectiles plus target. The starting point for this work is the 
elastic scattering transition amplitude [38, 39, 40].
2 . 1  T h e  t r a n s i t i o n  a m p l i t u d e
The elastic scattering transition amplitude is given by
T m 'm (lc', k) =  I V+ (R, r) I < j M)R r , (2.1)
where the subscripts R  and r imply averaging over all spatial and spin orientations 
of the projectile. The initial and final centre of mass wave vectors are denoted by 
k and k', respectively, and have magnitude k and k' . The vectors R  and r are 
shown in figure 2.1 and correspond to the position vector of the centre of mass of the 
projectile relative to the target and to the relative vector between the two clusters 
of the projectile, respectively. We make the adiabatic approximation [35], which 
holds when the excitation energy of the internal coordinate is small compared to 
the relative energy of the projectile-target motion. This allows us to assume that r 
is then a parameter during the scattering process.We write the full scattering wave 
function as
(B, r) =  4 +) (R, r) (r) . (2.2)
The wave function describes the ground state of the projectile comprised of a 
core cluster of spin j c and valence cluster of spin s with orbital angular momentum 
I about the core. The projectile has total angular momentum J  with projection M  
along the z axis, defined to be parallel to the wave vector k. The stationary scattering 
wave function, 4/[c+ ,^ describes the scattering of the projectile by the target, with the 
superscript (+) indicating it satisfies the asymptotic boundary condition that at 
large distances, R , from the scattering centre it is formed from the superposition of 
a plane wave, of wave vector k, and an outgoing spherical wave.
V +  is the sum of the two-body optical potentials describing the strong interac­
tions between the target and cluster c (core) or v (valence) of the projectile. In the
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Projectile-valence
Projectile-core
Target
Figure 2.1: Spatial coordinates of the target-projectile system.
first instance these potentials are assumed to be composed of a central term only, so 
that
R+ (R, r) =  VcCent (R  -  a cr) +  VvCeat (R  +  a „ v ) , (2.3)
where, from figure 2.1,
, =  J when = c
3 + 5:  > when n =  w
Cl'n — (2.4)
and A n is the mass of cluster n. Here and throughout the rest of this work we will 
omit to indicate the explicit k dependence of the optical potentials.
Modifications to include the Coulomb interaction will be discussed in due course 
and the inclusion of a spin-orbit term to the optical potentials and how these may 
be incorporated into Glauber theory will be the subject of the following chapter.
2 . 2  G l a u b e r  a p p r o x i m a t i o n  t o  t h e  s t a t i o n a r y  s c a t ­
t e r i n g  w a v e  f u n c t i o n
The Glauber approximation to may be developed from the integral equation 
for the stationary scattering wave function for a projectile whose constituent clusters
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are assumed to be spinless. Starting from the Lippmann-Schwinger equation [41] we 
have
Wjp (R ,r) =  e x p (* k -R )-
'*■PT ! ~ \ (2.5)2ixTi
where p p r  is the reduced mass of the target-projectile system. The values of k 
and /ap t  in the ensuing calculations are found using relativistic kinematics described 
in references [42, 43, 44]. When the potential varies slowly over a distance of the 
incident wavelength, so that
ka  >  1 , (2.6)
where a is a characteristic length parameter of the potential, it is practical to factorise 
into the product of an incident plane wave and a factor that modulates it, thus
1'L+) (R, r) =  exp (ik • R) p [k, R, r) . (2.7)
From equations 2.5 and 2.7 we obtain an exact equation lor p, 
p (k , R, r) =  1 —
^  j  expM R  -  R I - a  ■ (R  -  R ')ly + (R , r ) p ( k > R , > r )d R ’ . (2.8)
By defining a new position variable, u =  R  — R', so that du =  u2 du d f  df>, 
where j  is the cosine of the angle between u and k and <f) is the azimuthal angle, 
equation 2.8 may be written as
p (ft, R , r) =  1-
oo 2tt 1
! » T  [  [  [  exp (iku(1 -  0 ] 1/+(R _  U| r) P (fc| R  _  U| r) u2 ^
27T il J J J U
(2.9)
 h
ii=0 0=0 ^ = -1
It is assumed that the product V + p varies appreciably only over a distance d, 
which is assumed to be much larger than the projectile wavelength. In this case 
negligibly small contributions to the integral arise from regions where the exponential
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oscillates rapidly. The largest contributions come from values of u that are closely 
aligned with the wave vector k, since then the exponential is nearly stationary. 
Integrating over £, by parts, yields, as explained in appendix F,
p (A:, R , r) =  1+
oo 2n
£ Pr  7r e x p [ » f a ( l - ^ y  R _ u p u r)
2irh J J i kid
« = 0  (j)—D
u2 du dp  
« = - i
M a)
The case when £ =  — 1 corresponds to u and k being antiparallel and so yields a 
negligibly small contribution to the integral. After performing the p  integration we 
obtain
oo
pot (k, R, r) =  1 -  ^  J  R +(R  -  u, r) pGl (k, R  -  u, r) du . (2.11)
0
The vectors u and k are now parallel, so that u =  lew, where k is a unit vector in 
the direction of k, and equation 2.11 may be written as
OO
pci (&, R , r) =  1 -  j  (R  -  lew, r) pGi (/c, R  -  lew, r) du
— 1 — l~ 2i I (E  +  kw, r) pci (h, R  +  kw, r) du. (2.12)
o
0
TTk ..
—oo
By decomposing the vector R  into two components so that R  =  (b, z) and 
rewriting R ' =  (b, z '), where b is the impact parameter of the centre of mass of the 
projectile and z* — z  +  w we may write
pGl (k, R , r) =  1 -  ^  j  K+(R', r) pG, (.k , R ', r) d z ' . (2.13)
—  OO
Equation 2.13 may be solved hy iteration of pci on the right hand side. The first 
steps in this process are carried out in appendix A, where it is also shown that if 
subsequent iterations of equation 2.13 are to build up into the exponential power 
series solution of pci then we require that the commutator
[V+ (R, r ) , V + (R ', r)] =  0 . (2.14)
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where
x + (* ,R , r) =  / '  V +  (R ',r) d z ' . (2.16)
—  OO
The Glauber approximation to the scattering wave function of equation 2.7 is then 
given by,
^G ii (R >r) =  exP (7k • R ) Pgi (&, R, r)
=  exp (zk • R) exp [zx+ (A:, R, r)J . (2.17)
Glauber [6] shows that is only a good approximation to Tj© in the
region where the potential, V +, is non zero. In fact, it is only in this region that
the modulating function, pc,u modifies the incident plane wave. Furthermore, we see 
that ^Jcil does not exhibit the correct asymptotic behaviour as R  —> oo, however, 
our intention is to calculate the scattering amplitude and to do this we only require 
the scattering wave function where the potential is non zero.
2 . 3  T h e  e l a s t i c  s c a t t e r i n g  a m p l i t u d e
Using equation 2.17 for the Glauber approximation to stationary scattering wave 
function the transition amplitude, of equation 2.1, may be written as
T “ 'm ( k',k)
=  j  (® j m ' I exP (“ ?;k' ’ R ) ( R >r) exP (*k * R ) Pgi (&, R, r) | d H
=  j  (cliJM> I exP (?:cl • R ) ( R >r) exP [7X+ (k, R, r)] | $ % } , d K  , (2.18)
where we have set q =  lc — lc' and x+ is defined in equation 2.16.
A second condition necessary for the derivation of the Glauber amplitude to 
proceed further is that
^  «  1 . ( 2 - 1 9 )
When this condition is met, we obtain
Pen {kt R, r) -  exp [*x+ (/c, R , r)]  , (2.15)
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where | V  | is a measure of the ‘strength’ of the interacting potential and E  is 
the energy of the incident projectile, the effect of which is to limit scattering to 
forward angles. In the preceding section the position vector R  was resolved into two 
components, R  =  b +  lcz, this allows us to write
exp (zq • R ) =  exp (zq • b) exp (zq • kz) (2.20)
and for small angle scattering, where q • lc ~  0, we may use the approximation
exp (zq • R) =  exp (zq • b) . (2.21)
Now, dR =  db d z  and the z  integration in equation 2.18 may be performed :
IpPT
then
Pgi (&, R , r) =  exp
d
Ti2k
J  V +  (b 4- lcz', r) d z 1 (2.22)
(2.23)d z P a  {k, R, r) =  — (R >r ) Pgi (k ,  R, r) .
The part of equation 2.18 corresponding to the z  integration may then be written
OO
/ h 2k  d  ip.PT dz pci (&, R, r) d z  =
l i k
%Pp t
h 2k
=  ~ i , b ; { e x p [i X + ( f c ’b ’w ) ] _ 1 ) ■ ( 2 -2 4 )
Here w is the projection of r onto the impact parameter plane and we define
oo
X + (fc,b,w) =  J  v + (rc,rv) d z  . (2.25)
—oo
Because of equation 2.3, the right hand side of equation 2.25 does not depend on 
the z component of r, only on w and b. The Glauber phase shift function, X+, is 
the sum of the phase shifts contributed by the projectile constituents as they pass 
through the target. These phase shifts may be calculated from the optical potentials 
describing their interactions with the target [6, 36, 40] and, for spherically symmetric 
potentials, are given by
oo
X y ™ 1 (k, =  J  V Z nt (I  b„ +  k z  |) dz , (2.26)
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where bn is the impact parameter of projectile cluster n.
It follows that the transition amplitude may now be written as,
T $ M (k',lc) =
— -  I  exp (jq • b) (<I>jl5, | exp [*X+ (k, b, w)l -  I | $ % ) T dh , (2.27)
P p t  J l j
and, hence, that the Glauber elastic scattering amplitude is given by
I'M1 M (D\ _  lLPT rpM'M nJ l-\
JGl w ) — ' 2 j-p dGl W
=  ^  J  ^ P  (iq • b) | 1 -  exp \iX+ (/c, b, w)] | $ j£ ) r db . (2.28)
2 . 4  T r e a t m e n t  o f  t h e  C o u l o m b  i n t e r a c t i o n
For charged core and valence clusters the Coulomb interactions between each of 
these systems with the target cannot be ignored. By analogy with the strong central 
interactions, projectile cluster n  is assumed to contribute to the total phase shift by 
the addition of [45]
oo
X ^ "  (k ,b n) =  ~ f i k  IV °"'“  0 b n  +  T z - (2 -2 9 )
— OO
However, the long range of y Coul causes this integral to diverge logarithmically at 
its limits, hence a screening radius a, of atomic dimensions, is introduced to shield 
the charge at large distances. The screened Coulomb potential for a sphere with 
uniform charge distribution and of radius Rcoui takes the form
3  ~  ( llc'Ll) ] r "  <  Rc,ml 
y g f - Rcoui <  a ( 2 .3 0 )
0 rn >  a ,
V, ? ' (»■„) =
where Z n and Z p  are the charges on projectile cluster n  and the target, respectively. 
The screening affects particles whose impact parameters exceed the radius a and so 
alters the scattering intensity only at unobservably small angles, Ocoui — projec­
tile constituents deflected to larger angles are ones for which bn <C a. Expanding 2.29
17
X , ? 0’1'  ( M » )  =  x £ ( M „ )  +  x ,a, ,
in powers of ^  and retaining only the leading terms yields,
(2.31)
(/c, bn)
2?7ji hi (kRcoui ~\~ k \ n) 2r)n r Q'ou( ^1 +  3 ( rc"ul(()'  ^ ^ Rcoui
2?7n In  (kbn) bn £  Rcoui
(2.32)
Xn =  -27?nln(2A;a), (2.33)
=  'JR ’cmil — Hi (2.34)
*  =  • ( 2 - 3 5 )
elastic scattering amplitude, including the Coulomb interaction, may now 
ph as
M {9) =  i J e x p  ^*q ' T / m '  1 h
:p { ? :  [ x +  ( / ; : ,  b, w) +  (fc, 6C )  +  X ?  ( * ■ >  M  +  X? +  X j] }  I $ j m ) r  db , ( 2 . 3 6 )
effect of screeni 
Lat R Cmd
ng is present only through the constant terms X® +  Xv- 
11 0> Xn reduces to the point Coulomb phase shift
Xn (*:> K )  =  Xn (k > bn) — 2Vn In (/c6„) . (2.37)
The scattering amplitude for a screened point charge, with Z p  =  Z c +  Z v, may
be written as
fsc (0 )  =  ~  J  exp (zq • b) { l  -  exp [ i x f  (k, b) +  it fp ]} d,h , (2.38)
which may be solved analytically [45] to yield the expression
f sc {0) =  f Pt {O) exp (iX p) , (2.39)
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where
.fpt (0) =  -q p r  exp - 2 i q P In +  2 ia0 k (2.40)
and
cr0 =  arg T (1 +  irjP) . (2.41)
Due to the large size of a in equation 2.36 the b integration converges slowly, 
but by subtracting from equation 2.36 the integral representing Coulomb scattering 
by a screened point charge the convergence of the difference is quite rapid since, for 
large b , x j  (A :, bc) +  x ?  ( k ,  K )  ~  y fp  (&> b ).  Thus by adding and subtracting the point 
charge amplitude [46] on the right hand side of 2.36 we obtain,
where x cp 1S a constant phase factor and we have used x“ +  x “ — Xp — 0 in the 
second term on the right hand side. As the constant phase factor may be ignored 
when calculating the observables we obtain
(2.42)
f a i M (f>) =  fpt (8) <W,M +  S  j  exp (iq • b) exp [ix? (fc, 6)] x
(2.43)
in which we have defined the quantity
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Chapter 3 
Inclusion of Spin-Orbit 
interactions in the Glauber model
In the preceding chapter we derived an expression for the Glauber elastic scattering 
amplitude of a two-body projectile whose component clusters were assumed to be 
spinless. The optical potential describing the interactions between the constituent 
projectile clusters with the target was composed only of central terms, however, in 
many physically interesting cases one or both of the projectile clusters may possess an 
intrinsic angular momentum. The aim of this chapter is to account for the interaction 
between the spin of each projectile cluster with its orbital angular momentum about 
the target by introducing a spin-orbit term to the optical potential.
Our initial concern lies in the form taken by the orbital angular momentum 
operators for the projectile core and valence clusters about the target, Lc and Lw, 
respectively. This information is required to determine their effect on the three-body 
wave function within the Glauber model. It will be shown that it is possible
to obtain a plane wave modulating function analogous to that of equation 2.8 and 
from that point it is possible to employ the machinery of the previous chapter to 
derive an expression for the elastic scattering amplitude and hence, a differential 
cross section that includes spin-orbit contributions.
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3 . 1  T h e  o r b i t a l  a n g u l a r  m o m e n t u m  o p e r a t o r
The structure of the orbital angular momentum operators is derived in appendix B 
and is achieved by equating the classical equations for the relative orbital angular 
momenta of the projectile and for the projectile centre of mass about the target to 
their quantum mechanical operator description. We obtain,
Lc =  - i  rc x ( — V R - o d ^ v d  , (3.1)
V RPT Rev J
L„ =  - i r „  x ( — V R +  a „ ^ V P) , (3.2)
\RPT Rev J
where p,mn is the reduced mass of the m n  two-body system and a c and a v are given 
in equation 2.4.
Given Lc and L„ we must now examine their action on the three-body wave
function From equations 2.2 and 2.7, the wave function has the form
'I 'k t L  (R, r) =  exp  (ik • R ) p R, r) (r) , (3.3)
where p is a modulating function that is assumed to vary slowly within one wave­
length of the projectile. For the case of the valence cluster we have,
( f i - V n .  +  «<+>* (R, r)
\RPT Rev j
= ^ L - i k  exp (ik • R) p (k, R, r) <frjS (r)
RPT
+  IP S  e x p  ( i k  . R )  [V R p  (fc) R j  f ) ] t f i c  (r)
P pt
+  a v + E  exp (ik . R ) [V ,.p ( , R, r)] (r)
Rev
+ a v —  exp (ik• R) p (&, R, r) [Vr$ j£  (r)l . (3.4)
Rev
It is assumed that terms containing the operators V r and V r are small when com­
pared to the first term, thus requiring
(3.5)
(r )
Previous work, performed in reference [36], has shown that for deuteron scattering 
inclusion of the last term in equation 3.4 leads to a negligible effect in the calculation
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of the scattering amplitude. Following this we elect to retain only the first term on 
the right hand side of equation 3.4, we then obtain
L „ V $ M (R ,r) ~  £ £ ( r „ x k ) 4 f r M (R,r)
P'PT
=  ft. k (fe, x k) (R, r) . (3.6)
( IP T  v '
In this approach the orbital angular momentum operator of the projectile valence 
cluster about the target, L v , may be replaced with
C „ = b v k + Z  (b„ x k) . (3.7)
IIPT K '
Similarly, the orbital angular momentum operator of the projectile core cluster about 
the target, Lc, may be replaced with
&  =  — ( b „ x k )  . (3.8)
Upt v '
In obtaining these approximations the position vectors rc and rw, shown in figure 2.1, 
of the projectile clusters were resolved into components in the impact parameter 
plane and perpendicular to it.
The essential feature of equations 3.7 and 3.8 is that the C n operators are given 
in a form in which V r  ancl V r do not appear, this is a point which will be returned 
to later.
3 . 2  T h e  s p i n - o r b i t  t e r m
Within the Glauber theory we may now introduce a spin-orbit term to the optical 
potential describing the interaction between cluster n of the projectile and the target. 
Thus, we obtain
Vn (r„, C n, S„) =  VnCent (r„) +  V„t  s (r„) C n ■ S„ , (3.9)
where Sn is the spin operator of projectile cluster n. We also define the quantity V + 
to be the sum of the optical potentials describing the projectile core- and valence- 
target interactions.
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Following the treatment of section 2.2 it is once again practical to factorise 'fr[c+  ^
into the product, of an incident plane wave and a factor that modulates it. This 
leads to the exact expression
p (ft, R , r, £ c, Sc, S„) =  !  _  Mgr f e x p [» t| R -R '| ~ &  ■ (B .-B /) ]
'  2nh2 J | R  — R/1
x V + (R ', r, £ c, St, S„) 
x p ( k , R ' , i , C c, S c, C v,S  „) (3.10)
for the modulating function, from which we obtain the analogue of equation 2.13,
z
p a  (k,R, r, 4 , Sc, 4 ,  S„) =  1 1>+ (R ' ’ r ’ F  S c  4 ,  S„)
— OO
x Pgi {b'25 R  > r, Tc, Sc, dz .  (3.11)
In obtaining expressions for the operator C n we chose to ignore all terms containing 
the V r operator, thus enabling us write equations 3.7 and 3.8. We also see that 
these equations have no dependence on the z coordinate of projectile cluster n, it is 
then clear that in this approximation
[l>+ (R , r, 4 ,  S0, 4 ,  s „) , V +  ( r ' ,  r, 4 ,  S c, 4 ,  S„)] =  0 . (3.12)
The solution of equation 3.11 is then given by 
Pgi (^ k i Ik) r, Tc> Sc, C v , S y'j
exp {,: [x + (ft,b, w) +  x ct s  (ft, y  4  ■ s c +  x , y  (ft, y  4 , s „ ] } ,  (3 .13)
where X + is defined in equation 2.44 and for spherically symmetric potentials, Vj, 
we have 00
Xj, (ft, bn) =  J  V,i (l b„ +  lcz I) dz , (3.14)
— OO
where n  =  c (core) or v  (valence) and t =  C e n t  (Central) or L  • S' (spin-orbit).
From the work of section 2.3 we are then lead to an expression for the elastic 
scattering amplitude, including Coulomb and spin-orbit interactions, of
f o i M (°)  =  fpt sm',m +  |”  /  exp (iq • b) exp [iQp (6)] ($ &  | 1 - 
exp{i[x+(fc, b, w ) + X cL-5 (k, be) Cc ■ Sc+ X f*  (k, bv) Cv • Sv\} | <I>S)rdb. (3.15)
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The ground state wave function of the two-body projectile is assumed to take the 
form
®JM  M  =  Uls (r ) [x ic(c) © [Yi (#r, (f>r) ® , (3.16)
where I is the relative orbital angular momentum of the constituent clusters, uis and 
Yimi represent the radial and angular parts of the wave function of the valence cluster 
with respect to the core and 9r and cpv the polar and azimuthal angles, respectively, 
made by vector r. The quantities x.s and Xjc are spinors representing the valence 
and core clusters, respectively, having spins of s  and j c with projections of m s and 
m c along the z axis.
From equation 3.15 we define the profile function r M'M to be
r M'M (k, b) =  n  -  exp {i  [x + (fc, b, w)
+  x y  ( k ,  bc )4  • S c +  s  ( f c ,  • s „ ] }  I
=  SM',m  -  I  d r  J 2  U L  M  + im j 4>r ) Ylmi (0 r , 4 ,.)  ( I  m \  s m 's \ j v m 'v )
CQ
Uc m 'c 3v m 'v I J M>) (l m i s m s | jv mv) (jc m c j v rnv | J M )  
exp [ i X +  (fc, b, w)] E < m" (fc, , (3.17)
where c0 =  m [ m l m ,y n sm !cm cm 'v m ,v and X+ is defined in equation 2.44. The quantities 
E™*™* and E 7V Uc are defined to be,
E v f Us {k, bv) =  (s m's I exp [zX©’ (A:, bv) C v • S„] | s m s) (3.18)
and
K T C ( k ,  bc) =  ( j c m 'c I exp [zX^ 5 (A:, bc) C c ■ S c] | j c m c)  . (3.19)
In order to simplify equation 3.17 the product of the spherical harmonics, from 
reference [47], is first rewritten as
Y^{ (0r , «  Ylm, {O rA r) =
3 . 3  T h e  p r o f i l e  f u n c t i o n
(— I) 7"' I2 
M o  k0
^7 /7 3  f ^70i/0 (^r5 0r) (/ nii I m l I A  5o) (/ 0 / 0 | A)q 0) , (3.20)
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Figure 3.1: Projection of the cluster co-ordinates onto the impact parameter plane, 
where i =  y /2 1  +  1.
In appendix C a simple expression for the matrix element of the form E f 'f i1 is 
derived. This is achieved by expanding the exponential function appearing in the 
definition of E f f 1 as a power series of the operator in its argument. This operator 
takes the general form Q/y =  Sn • bn x lc and from it we may deduce its matrix 
representation, this, in turn, allows us to construct a matrix representation for the 
exponential operator E n N^ . In the appendix it is shown that each matrix element 
E j f f 1 may be written as the product of a matrix element [/i/y (k, bn)]m,m and a phase 
exp [i (in — in') 0n], where angle p n is the angle between bn and the x  axis, shown in 
figure 3.1, with the x  axis taken to be the projection of q =  lc — k' onto the impact 
parameter plane. The matrix A n  may be expressed as a linear combination of a 
complete set of irreducible tensor operators rk ^  (N ) , so that
A n  (*, bn) =  E  A C  ■ W  W  ■ (3.21)
^nVii
25
(N m 1 I Tl „n( N)I N m )  ft,, (N m !k nqn | N m ) . (3.22)
where the matrix elements of tI q (N)  are given by
The expansion coefficients f ^ q are found by taking the trace of the product of the 
matrices A N and rki,,i, expressions for the specific cases when N  =  1,1 and | are 
included in the appendix. The result is that the matrix elements may be
written as,
K ! n  (k> bn) =  exp [i (m -  ???/) pn] Y  fknqn (*> M  &n (N m !k nqn I Am) . (3.23)
Ai Vn
This allows us to write equation 3.17 as
b) =  <5m-,m -  /  dx Y .  ( - 1)"*1 % k - u l { r ) Y kogo (0r, * ,)
ci V 47T A,q
/&,„ (&> 4c) (fc, M  exP [*X+ (ft, b, w)]
exp [z (m s — m's) pv +  i (m c -  m'c) p c] (I 0 I 0 | k0 0)
(I -m i I m t | k0 qQ) [ jc rn'c kc qc \ j c m c) (s m's kv qv \ s m s)
(I mi s m's | j v m!v) ( jc m'c j v m!v | J M ')
(I m t s m s | j v m v) ( jc m c j v m v \ J M ) , (3.24)
where c x =  m lm [m jn 'sm gndjnvm'vkQqQkcqckvqv.
The angles p U) shown in figure 3.1, may be written as
0c -  0 - 0 ' ,  (3.25)
Pv =  0 +  Pv , (3.26)
where p is the azimuthal angle made by b and p'n is the angle between vectors b
and b n. Using the sine and cosine rules in triangles with sides b, b n and a n w  it is
found that,
i
bc — |52 +  (avw)2 — 2 b a c w  cos </>wb] 2 , (3.27)
bv = [62 +  [ a v w ) 2 +  2 b a v w  cos 0wb] 2 , (3.28)
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11 b Cl'c W COS 0 w b  ,0 o n >.cos (f)c =  ---------- -------------, (3.29)
b +  a v w  cos 0wbcos (pv =  ---------- -------------, (3.30)
Oy
• j j  Q-'c w  sin 0wb /o qiasin 0c =     , (3.31)
,/ cvw to sin 0wb . .sm (j)v =  ------- ------- -- , (3.32)
from which values of (f)'n may be deduced for a given value of 0wb. Angle 0wb is the 
angle between w and b  and the azimuthal angle 0r may be expressed as 0r =  0 + 0 Wb- 
A cylindrical polar coordinate system may be used to calculate the integral over 
r with dr =  d w d z  =  w  dtodzd0wb. By inspection of equation 3.24 we see that the z  
integration involves only two factors, namely u fs ( r )  and Yk q (0ri 0r) and by writing 
the spherical harmonic as
1 k0q0 (^ r>  0 r )  =  T k QqQ ( d r , 0 w b )  GXp ( iq Q(j)) , (3.33)
equation 3.24 may be written as
r M > M ( k ,  b )  =  5M ' M  -  Y 2  K ci exp [ i  (q Q +  m 8 -  m 's +  m c -  m !c) 0]
Cl
00 ‘2tt
1  w d w  J  d0wb Z kQ% ( w ,  0wb) f kc(]c (A :, fcc )  / ^ , v (Ik, bv )  exp [ z X +  (& , b ,  w ) ]
0 0
exp { i  ( m s -  m 's) 0'J exp [ - i  ( r n c -  m !c) 0'c] (3.34)
where we have defined
z V /o (™> ^wb) =  J ui W w2 +  2:2) 1 ( arccos ~ y - ^ 0wb dz (3.35)
—oo \ V /
and
, /2 A. A.
K « =  -7 = +  0 °  1 0 I fc0 0) (' - ™ ' l 1 m i I *0 So)v  47T /c0
0 ‘c  m c  K  7 c  I i c  m c )  ( s  m 's r a j  ( /  m [ s m 's \ j v m 'v )
Uc m 'c Jv m v I J M > ) (l m i s m s | j v m v) ( jc m c j v m v \ J M )  . (3.36)
From the vector addition coefficients we deduce,
mi -  m[ =  q0 ,
m'c +  raj +  m!s =  M 1
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m c +  m l +  m s =  M ,
so that
<70 +  mt — m's 4- mc — m'c =  M  -  M '. (3.37)
Since the indices M  and M '  are not summed over we may take the first exponen­
tial factor in the second term 011 the right hand side of equation 3.34 outside the
summation, thus allowing us to write
and
r M'M (k,b) =  exp [j (M -  0] f  b), (3.38)
where
27T
f M ‘ M( k ,  b )  =  < w , m  -  E  K «  /  wdw /  # » b  z M o  W
Cl b o
/£ ,„  (*» bc)( k ,  K )  exp { » [X+ (fc, b ,  w) +  -  } . (3.39)
The algebra performed in appendix D leads to a more transparent form for the sum 
over ci of KCl. Using the result obtained, we may write equation 3.39 equivalently
as
oo ‘2-k
f  M ' M ( / b ,  b )  =  Sm',m -  K C 2  J  w dw J  # w b  ZkQ% (w, / w b )
C2 0 0
fix(f c ,  f t c )  ( f e ,  & „) exp { j  [ x +  ( f c , b ,  w )  +  -  qc4'c] }  ,  ( 3 . 4 0 )
where c2 =  kaqakcqck„qvk and
-  J = P s f f i J k X k K  ( - 1 ) - l+k~+k2K,, = (/ 0  / 0  I fc0 0)
(& 0 %  K  I v  I k 2 92) ( k c 9c k 2 92 I K Q )  ( J M >  K Q  I J M )
I s K
>
s
f
Jc fee
\
3c j
Jv k2 Jv > < J K J
I
\ k0
I
J 3v\ k2 Jv
(3.41)
The matrix T may be expanded as a complete set of irreducible tensors such that 
the M ' M th element is given by [48]
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r M'M {k ,b )  =  F& q  (k, b) ( J M 1 I
KQ
=  £  K  ( J M 'K Q  I J M )  F?<q (*, b) , (3.42)
KQ
where, from appendix C, the scalars F j<q are given by
K q (*. b) =  [ f  t k q  (J)] (3.43)
and the elements of the matrix tk q  are found from
T*fQM(J ) =  I< ( JMI J M ')  . (3.44)
3 . 4  T h e  d i f f e r e n t i a l  c r o s s  s e c t i o n
Incorporating equation 3.38 the Glauber elastic scattering amplitude may be written
as,
f a l ' M  W  =  f v t  ( 9 )  <5m ’ ,m  +
~  j  exp {i (q ■ b +  ( M  -  <(]} exp [*x?f (6)] f  b), (3.45)
with r M'M as previously defined.
For very small angle scattering q =  k —k' is almost in the impact parameter plane 
and in this case we may make the approximation q-b 27 qb cos p. The integration over 
the azimuthal angle p  may then be performed analytically using, from reference [49],
J -  I  exp {i  [qb cos p  +  ( M  -  M ')  p ]} dp =  iM ~M> JM_ M, (qb) , (3.46)
where Jm - m 1 is a Bessel function of the first kind of order M  — M ', to obtain
f a i M W  =  fvi i0 ) SM',M +  ik j  dbb exp [i)Cp (6)] ( f
(3.47)
The differential cross section is found by summing the square modulus of the 
elastic scattering amplitude over all possible final states and averaging over the total
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S < * > - 5 J T T £ j ' “ " < '> r  <»•«>
We note that the matrix fo i , representing the elastic scattering amplitude, may 
be expanded as a complete set of irreducible tensor operators so that
fc i  (0) — YZ 9 k q  Q) t i<Q (J) • (3.49)
i<q
From appendix C the elements of fen are given by
f a i M(6) = Y . K  9 kq(k, 8) (J M 'K Q  \ . (3.50)
I<Q
The differential cross section may be found from equation 3.48,
=  2 7 T T  T r { f C 8 ) f G l(8)}
~  o 7 i i S  \pi<Q 0)] 9k >q> (A*, 0) T r  \rKQ (J) (J)j
l t J  +  1 K Q K 'Q '
— YZ \q k q  (k> )^| > (3.51)
I<Q
in which we have used equation C.46 of appendix C. When no spin-orbit interactions 
are present equation 3.51 reduces to
^  (.8) =  |<7oo (k>0) |2 i (3.52)
inclusion of spin-orbit interactions leads to a modification of (JqQ compared to when
only central interactions are present and also gives rise to the remaining terms in
the sum appearing in equation 3.51.
number of initial states, that is
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Chapter 4 
Application of the three-body 
Glauber model
In this and the following chapter we shall apply the three-body Glauber theory, 
exposed in the two preceding chapters, to the elastic scattering of 8B from 12C. The 
8B nucleus is currently the subject of experimental and theoretical interest, this 
stems from the suggestion of its proton halo structure and also from its role in the 
solar neutrino problem.
The idea of a proton halo is not a new one, it is possible to imagine the archetypal 
proton halo nucleus being that of the simplest system of a bound neutron and proton, 
the deuteron. This composite projectile has already been studied in Glauber theory 
in reference [36]. Glauber himself has provided the formalism for the scattering of a 
spin I single-body projectile [6] and the work in reference [36] has extended this to 
include spin-orbit terms to second order in break-up of the deuteron. Here the work 
of the preceding chapters includes spin-orbit terms to all orders in break-up and is 
generally applicable to composite projectiles whose constituent clusters possess an 
intrinsic angular momentum.
The angular distribution of the quasielastic scattering differential cross section 
of SB and 7Be from a 12C target have recently been measured at 40MeV/nucleon by 
Pecina and co-workers in reference [27], Assuming 8B consists of a 7Be core cluster
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and a single valence proton the elastic scattering of this nucleus becomes a very 
appealing system to which the three-body Glauber theory may be applied.
4 . 1  C o m p a r i s o n  o f  n u m e r i c a l  c a l c u l a t i o n s
Prior to presenting the results of the application of the three-body Glauber theory we 
mention some numerical comparisons of differential cross sections, calculated from 
that formalism, with those calculated by the codes Cupid [50], DDTP [51] and a code 
developed from DDTP called lina3. The latter three are optical model codes capable 
of calculating the elastic scattering differential cross section of a two-body target- 
projectile system. The code Cupid is capable of including spin-orbit interactions for 
projectiles of spin I, 1 or | whereas DDTP and lina3 only include the spin-orbit 
interaction for projectiles of spin 1 and |, respectively. The present form of the 
three-body Glauber model code allows spin-orbit interactions for projectiles whose 
core cluster has spin of -, 1 or | and valence cluster of spin | only.
In order that we may compare the results calculated by the different codes it
is first necessary to isolate each of the projectile-target interactions in the Glauber
model code. This may be achieved by simply setting all optical potentials other
than the one being studied to zero, however, effects due to the valence and core
clusters orbiting the projectile centre of mass would still be present. For a proper
comparison we must force both the core and valence clusters to sit on the projectile’s
centre of mass and also set the mass of the non interacting cluster to be negligibly
small, thus forcing the three-body Glauber calculation to effectively assume a single
bod}7 projectile of the required mass. In these comparisons the projectile mass in
the codes Cupid, DDTP and lina3 was taken to be equal to that of the mass of the
interacting projectile cluster in the three-body Glauber code. The target was taken 
b e .
toja spinless cluster of mass 12 and neither projectile cluster or target were assumed 
to carry any charge. For the comparison of central interactions all angular momenta 
were set to zero and for spin-orbit interactions the orbital angular momentum of 
the valence about the core, /, was set to zero as was the spin of the non interacting
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projectile cluster, that is either s or j c.
Using this procedure we could then compare the numerical results, obtained 
by treating individually the real and imaginary parts of the central and spin-orbit 
interactions, between the different codes. Each calculation was performed assuming 
the projectile to have a kinetic energy of 40 MeV/nucleon in the laboratory frame 
of reference and the potentials representing the projectile-target interactions were 
chosen so that the conditions given in equations 2.6 and 2.19 were satisfied. In each 
of the comparisons \yery good agreement between the calculated cross sections was 
observed. This lead us to believe that the three-body Glauber code, implementing 
the theory described in the previous chapters, satisfactorily treats both central and 
spin-orbit interactions. We may now approach the application of the three-body 
Glauber code to a real physical system with confidence.
4 . 2  N o  b r e a k - u p  l i m i t  c a l c u l a t i o n s
Within the three-body Glauber theory it is assumed that the projectile core and 
valence clusters interact with the target via two-body interactions. These interac­
tions are responsible for the elastic break-up and recombination of the projectile 
during the course of the scattering process. It is possible to calculate the differential 
cross section, in Glauber theory, corresponding to the limit in which there is no 
elastic break-up. To perform this calculation, a single folding potential, U p ^ ff, cal­
culated by averaging the projectile core- and valence-target optical potentials over 
the ground state wave function of the projectile is required [52]. For the case when 
only central interactions are taken into account the calculation requires
U fJ t ( R )  =  < * * &  I V X n t  (I  R  -  « c r  I) +  V vC m l (I R  +  a „r  I) I $ ^ ) r  . ( 4 - 1 )
where V j eni is the projectile n cluster-target optical potential, a n are defined in 
equation 2.4 and the subscript r implies averaging over all spatial and spin coordi­
nates of the projectile.
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I s j v j c J
1 1 3 3 9
2 2 2
Table 4.1: Angular momenta of the constituents of 8B 
4.2.1 Single folding potential
We may obtain an expression for ( $ j j ,  | (bjSj / ) 5p;n, in which the subscript spin  
implies that internal spin coordinates are summed over, from equations 3.38, 3.40 
and 3.41 by setting
X + (A;,b,w) =  0,
X Ln S { k , b n )  0 ,
and
kn — 0 ,
where n  =  c or v. This yields the expression
I « 'jtih rin  =  E  u l  (r) YMo (8 „  0r) ,
where c3 =  k0q0 and
(4.2)
(4.3)
(4.4)
(4.5)
C3
K °3
P S j f j J k I  (-1 ) - ‘+s« (< 0 l0 | fc0 0) (JM > k0 q0 | J M )i —l+k.
S 0 s j c 0
\
Jc
j v k Q jv > < J k Q J
I
V
k 0 I
J j v\ k 0 Jv
(4.6)
The angular momentum values of the constituents of the 8B nucleus are given 
in table 4.1, [28, 53], and values of vector addition and 9J coefficients appearing in 
equation 4.6 are, from reference [47],
( 1 0 10 1 00 )  =  - 4 = ,  (4.7)
( J M ' 0 0 |  J M )  =  (4.8)
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From equation 4.5 we then obtain the fortuitous result that
(®JM' I ®JM)spin ~  (r ) bM\M
and hence equation 4.1 yields
(4.9)
(4.10)
(4.11)
(4.12)
u K u  ( R )  =  Y & «  ( R )  < W , (4.13)
where
VtoL, (R ) =  T  /  '4  (»•) FoCcnt (I R  -  acr I) +  VvC M  (I R  +  a„r |)] dr . (4.14)
4.2.2 Single folding amplitude
Given the single folding potential of the preceding section we may employ it in the 
calculation of the differential cross section in the limit of no projectile break-up. 
From equation 2.18, we write the transition amplitude, in this limit, as
TGsf(lc', lc) =  <W,M /  exp (iq • R ) 1/+ M  (R ) (ft, R ) d R  , (4.15)
where pen is now a two-body modulating function which, following equation 2.23, 
satisfies
A p a ,  (ft, R) =  - f f j N o u  Pai (fc, R )  ■ (4.16)
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Following the procedure of section 2.3 and resolving the vector R  into two com­
ponents, such that R  =  b +  kz, the z integration occurring in equation 4.15 may be 
performed. This juelds
•f* 2 7
t g s f  (k'> k) =  J exp (zq ■ b) {exp [zXjF (A:, &)] -  l }  db , (4.17)
where we have again used the approximation exp (zq • R) =  exp (zq • b) and have
also defined the quantity
oo
X J , (fc, b) =  I  V & u  (I b +  I) d z . (4.18)
— OO
The Glauber single folding elastic scattering amplitude is then given by
=  ~  J exp (iq - b) {1  — exp [ iX j, 6) ] }  d b  . (4.19)
The Coulomb interaction may be included in the single folding amplitude by the 
method detailed in section 2.4, following that we obtain
foSF  (S) =
+  J exp (iq • b) exp [«Xp (k , 6)] ( l  -  exp [iX jF (k, 6) ] }  db , (4.20)
where we have defined
X +, (fe, b) =  X+F (fe, b) +  (fe, b) -  X? (fe, (4.21)
and where x Cp and x Pp are as defined in section 2.4.
4.2.3 Single folding differential cross section
Applying the approximation set out in section 3.4 that for very small angle scattering 
we may write exp (zq • b) =  exp (iqb cos <j>) and using a cylindrical polar coordinate 
system we may write equation 4.20 as
f c s p  (0) ~  fpt (0) 3m ’ ,m  (4.22)
'Z °° 27r
+  j  f  exP cos 0) exP [7XPp  (&> &)] { l  “  exP (&» &)]} bdb d(f>.
l,=0 0 = 0
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The 0 integration may be performed analytically by using the relation, given in 
reference [49],
1 2n—  /  exp (iqb cos p) d<p =  J0 (qb) , (4.23)
27r ./ 
o
where J0 is the zeroth order Bessel function of the first kind, to obtain 
fcfsF (@) =  .fpt (^) 3m ',m
OO
+  5m ',m  ik I  J0 (qb) exp (k, 6)] { l  -  exp [ iX fF (k, 6)] } bdb . (4.24)
o
The single folding differential cross section is calculated by summing the square 
modulus of the single folding elastic scattering amplitude over all possible final states 
and averaging over the total number of initial states. Thus, we obtain 
dcTcsF —  1 * I „  n,rI a . 12
dQ ( 0 ) ~  2J +  l J 0 |/osf
OO
fpt (6) +  i k  J  Jo (qb) exp [ i \ p  ( k , b ) ]  { l  -  exp [ i X f p  ( k ,  6 ) ] }  b db
2
.(4.25)
4 . 3  C e n t r a l  p o t e n t i a l s
We deduce a central potential capable of describing the interactions between the core 
cluster of the 8B projectile and the target by looking at the elastic scattering of 7Be 
from i2C at 40MeV/nucleon. To do this we use a double folding optical potential [54] 
given by
U d f  (r ) — ( N p  +  iN j)  j  j  pp  (rP) v n n  ( R  +  — rr) P t  ( i 't )  drP drT , (4.26)
where v n n  is the potential describing the interaction between the projectile and tar­
get densities, pp and pp respectively. From this potential the optimum values of the 
renormalisation coefficients, N p  and A7/, may be calculated using the optical model 
code Cupid [50] by fitting the calculated angular distribution of the elastic scatter­
ing differential cross section to the available experimental data of reference [27] .The 
projectile and target matter densities were assumed to follow Gaussian distribu­
tions [4] with normalisations given in table 4.2. The double folding potential was
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7Be i2C
(r?) 2 2.33 fm 2.32 fin
/  pi (r*) dvi 7 12
Table 4.2: Single particle density normalisations
calculated using the code DFpot [55] with the M3Y effective interaction of Satchler 
and Love [54]. The renormalisation coefficients obtained were N r  — —0.5926 and 
N i =  —0.2987. The resulting double folding potential is shown in figure 4.1, also 
shown is a comparison of the calculated angular distribution of the elastic scattering 
differential cross section, in ratio to Rutherford, by Cupid with the empirical data. 
Since both the magnitude and the oscillations of the experimental data are quite 
well fitted by the theoretical calculation it seems reasonable that this double folding 
potential should provide a suitable projectile core cluster-target optical potential for 
our intended subject of 8B scattering from 12C at 40MeV/nucleon.
f o r
The central interactions [the 8B valence proton-target subsystem are described 
using a Schrodinger equivalent reduction of a Dirac optical potential [56, 57, 58, 59]. 
This potential, calculated for a 40MeV proton scattering from 12C, is shown in 
figure 4.2.
4 . 4  S B  r a d i a l  w a v e  f u n c t i o n
The radial part of the 8B wave function, uis, is calculated using values for the valence 
spin and orbital angular momentum from table 4.1 and the binding energy of 0.137 
MeV [53]. The potential binding the two constituent clusters consists of central, 
spin-orbit and Coulomb terms, and is given by
v bin„ (r) =  -  V c .f (r,ro, a,A) +  2 V L S > Z ~ f  (r, r„, 1 • s +  (r, r„) ,(4.27)
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F ig u r e  4 .1 : 7B e  +  12C  a t  4 0 M e V / n u c le o n  re n o rm a lis e d  d o u b le  f o ld in g  o p t ic a l p o t e n ­
t ia l  (a b o v e ) a n d  th e  d if fe re n t ia l c ro s s  s e c t io n  in  ra t io  to  R u t h e r f o r d  (b e lo w ).
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F ig u r e  4 .2 : S c h r o d in g e r  e q u iv a le n t  r e d u c t io n  o f  a  D ir a c  o p t ic a l p o t e n t ia l  fo r  th e  
e la s t ic  s c a t t e r in g  o f  p  +  12C  a t 4 0 M e V /n u c le o n .
w h e re  /  is  th e  v o lu m e  fo rm  W o o d s -S a x o n  p o t e n t ia l g iv e n  b y
/  (?-, r 0, a, A )  =  7 y y  , (4 .2 8 )
1  +  e x p f ^ k L J
a n d  V Coul is  th e  C o u lo m b  p o t e n t ia l o f  a  u n if o r m ly  c h a rg e d  s p h e re  o f  r a d iu s  ?’0-T h e  
v a lu e  o f  th e  c e n t ra l p o t e n t ia l fo rm  fa c t o r  V °  is  s e a rc h e d  u p o n  in  o r d e r  to  re p ro d u c e  
th e  b in d in g  en e rg y, th e  f in a l  v a lu e  b e in g  V °  &  5 0  M e V . T h e  v a lu e s  o f  th e  r e m a in in g  
p a ra m e t e rs  a p p e a r in g  in  e q u a tio n  4 .2 7  a re  g iv e n  in  ta b le  4 .3 . G iv e n  th e  r a d ia l  w a v e  
fu n c t io n  c a lc u la t e d  fro m  t h is  p o t e n t ia l th e  s in g le  p a r t ic le  d e n s it y  o f  8B  is  d e d u c e d  
to  h a v e  a n  r .m .s  r a d iu s  [29, 30] o f  2 .5 7  fm  w h ic h  is  in  l in e  w it h  re c e n t t h e o re t ic a l  
c a lc u la t io n s  o f  A l - K h a l i l i  a n d  c o -w o rk e rs  [31].
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T a b le  4 .3 : P a ra m e t e r s  u s e d  in  th e  c a lc u la t io n  o f U[s (r)
4 . 5  D ifferential cross section calculations
T h r o u g h o u t  t h is  c h a p t e r,  in  fig u re s  o f  th e  a n g u la r  d is t r ib u t io n  o f  d if f e r e n t ia l  c ro s s  
s e c t io n s  th e  d o t t e d  c u rv e s  w e re  c a lc u la t e d  fro m  th e  a m p lit u d e  g iv e n  in  e q u a t io n  4 .2 0  
a n d  c o r re s p o n d  to  th e  l im it  o f  n o  e la s t ic  b re a k -u p  o f  th e  p r o je c t ile ,  w h e re a s  th e  s o lid  
c u rv e s  w e re  c a lc u la t e d  fro m  th e  a m p lit u d e  g iv e n  in  e q u a t io n  3 .4 7  a n d  in c lu d e  b re a k ­
u p  c o n t r ib u t io n s .  F ig u r e  4 .3  sh o w s a  c o m p a ris o n  o f th e  c a lc u la t e d  8B  +  12C  a n g u la r  
d is t r ib u t io n s  o f  th e  e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  se c tio n , in  r a t io  to  R u t h e r ­
fo rd , a t p r o je c t i le  in c id e n t  la b o r a t o r y  k in e t ic  e n e rg y  o f  4 0  M e V / n u c le o n  w it h  th e  
e m p ir ic a l  d a t a  o f  re fe re n c e  [27]. S in c e  o n fy  c e n t ra l in t e r a c t io n s  a re  c o n s id e re d  in  
t h is  c a lc u la t io n  w e set th e  c o re - a n d  v a le n c e -t a rg e t  s p in - o r b it  p o t e n t ia ls  to  b e  id e n -  
t ic a lf y  e q u a l to  z e ro  a n d  kc a n d  kv to  e a ch  b e  ze ro . W e  see t h a t  f o r  th e  8B  p r o je c t i le  
b o t h  o f  th e  c a lc u la t e d  a n g u la r  d is t r ib u t io n s  o f  th e  d if fe re n t ia l c ro s s  s e c t io n s  sh o w  
p o o r e r  a g re e m e n t w it h  th e  e x p e r im e n t a l d a t a  t h a n  w a s seen  fo r  th e  7B e  p r o je c t ile .  
C o m p a r in g  th e  t h e o re t ic a l c u rv e s  in  f ig u re  4 .3  w e a lso  see t h a t  e la s t ic  b r e a k -u p  a n d  
r e c o m b in a t io n  o f  th e  p r o je c t i le  o n ly  h a s  a  s m a ll  e ffe ct o n  th e  c ro s s  s e c t io n , t h is  is  
p a r t ic u la r ly  s u r p r is in g  in  v ie w  o f  th e  s m a ll  b in d in g  e n e rg y  o f  8B .
W e  n o te  th a t ,  f ro m  fig u re s  4 .1  a n d  4 .2, th e  p r o je c t ile  v a le n c e -t a rg e t  s t r o n g  in ­
t e ra c t io n s  a p p e a r  q u it e  s m a ll  c o m p a re d  to  th o se  o f th e  m o re  m a s s iv e  a n d  h e a v ily  
c h a rg e d  c o r e -t a r g e t  in t e r a c t io n s .  I t  is  d e s ir a b le  to  k n o w  w h e th e r  th e  v a le n c e -t a rg e t  
in t e r a c t io n s  a re  p la y in g  a  s ig n if ic a n t  p a r t  in  th e  c a lc u la t io n  o f  th e  d if fe re n t ia l c ro s s  
s e c t io n  o r w h e t h e r w e a re  se e in g  s o le ly  th e  e ffe cts  d u e  to  th e  p r o je c t i le  c o r e -t a r g e t  
in t e r a c t io n .
F ig u r e  4 .4  sh o w s th e  a n g u la r  d is t r ib u t io n  o f  th e  e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  
s e c t io n  c a lc u la t e d  w it h  th e  s a m e  8B  g r o u n d  s ta te  w a ve  f u n c t io n  a n d  c o r e -t a r g e t  o p -
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F ig u r e  4 .3 : C o m p a r is o n  o f  th e  c a lc u la t e d  8B  - f  12C  e la s t ic  s c a t t e r in g  d if fe re n t ia l  
c ro s s  s e c t io n s  a t 40  M e V / n u c le o n  w it h  e m p ir ic a l  d a ta .
t ic a l  p o t e n t ia l  as b e fo re  b u t  w it h  n o  v a le n c e -t a r  get in t e r a c t io n s .  C o m p a r is o n  o f  th e  
s o lid  c u rv e s  in  f ig u re s  4 .3  a n d  4 .4  sh o w  t h a t  th e  v a le n c e -t a rg e t  in t e r a c t io n s  d o  h a v e  
a  s ig n if ic a n t  e ffe ct o n  th e  m a g n it u d e  o f  th e  t h re e -b o d y  G la u b e r  d if fe re n t ia l c ro s s  
s e c t io n . T h e s e  tw o  fig u re s  a lso  re v e a l t h a t  th e  v a le n c e -t a rg e t  in t e r a c t io n s  a lso  p la y  
a  v it a l  ro le  in  th e  c a lc u la t io n  o f  e ffe cts t h a t  e la s t ic  b re a k -u p  h a s  o n  th e  d if fe re n t ia l  
c ro s s  s e c t io n . F ig u r e  4 .4  a ls o  sh o w s t h a t  th e  m a g n it u d e  o f  th e  e ffe cts  d u e  to  p r o je c t i le  
b r e a k -u p  a re  e n h a n c e d , a t  la rg e  s c a t t e r in g  a n g le s, w h e n  n o  v a le n c e -t a rg e t  in t e r a c ­
t io n s  a re  in c lu d e d  in  th e  c a lc u la t io n .  W e  c o n c lu d e  fro m  t h is  t h a t  in  th e  c a lc u la t io n  
o f 8B  +  12C  e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  s e c t io n  v a le n c e -t a rg e t  in t e r a c t io n s  
a re  a n  e s s e n tia l in g re d ie n t .
W e  n o te  t h a t  th e  r .m .s  r a d iu s  o f  th e  8B  s in g le  p a r t ic le  d e n s it y  is  q u it e  s m a ll  
c o m p a re d  to  t h a t  of, sa y  11 L i .  T h e  s iz e  o f  8B  is  l im it e d  b y  th e  a s s u m p t io n  t h a t  th e
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F ig u r e  4 .4 : C a lc u la t e d  a n g u la r  d is t r ib u t io n s  o f  th e  e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  
s e c t io n , a t 4 0  M e V / n u c le o n ,  w it h  n o  v a le n c e -t a rg e t  in t e ra c t io n s .
v a le n c e  p r o t o n  o c c u p ie s  a  l p |  s h e ll.  F ig u r e  4 .5  sh o w s th e  a n g u la r  d is t r ib u t io n  o f  
th e  d if fe re n t ia l c ro s s  s e c t io n  c a lc u la t e d  a s s u m in g  th e  v a le n c e  p r o t o n  o c c u p ie s  a  2s i  
s h e ll w it h  th e  g e o m e try  o f  th e  b in d in g  p o t e n t ia l,  g iv e n  p r e v io u s ly  in  e q u a t io n  4 .2 7 ,  
u n a lt e re d .  I n  th is  c o n f ig u ra t io n  th e  r.m .s . r a d iu s  o f  th e  8B  s in g le  p a r t ic le  d e n s it y  
is  2 .9 6  fm . H e re  w e a re  se e in g  th e  e ffe cts c a u s e d  b y  b re a k -u p  d u e  to a  s iz e  c h a n g e  
p r o d u c e d  b y  a  c h a n g e  in  th e  o r b it a l a n g u la r  m o m e n t u m  in  th e  g r o u n d  s t a te  o f  th e  
p r o je c t ile .  T h is  f ig u re  sh o w s t h a t  th e se  e ffe cts o n  th e  d iffe re n t ia l c ro s s  s e c t io n  a re  
n o w  c o n s id e r a b ly  m o re  c o n s p ic u o u s  c o m p a re d  to  th o se  o f  f ig u re  4.3.
T h e  r.m .s . r a d iu s  o f  th e  8B  s in g le  p a r t ic le  d e n s ity  is  a ls o  a ffe c te d  b y  th e  ge­
o m e t ry  o f  th e  p o t e n t ia l b in d in g  it s  tw o  c o n s t it u e n t  b o d ie s  to g e th e r. A s s u m in g  th e  
v a le n c e  p r o t o n  to  o c a q j y  a  l p |  s h e ll a n d  u s in g  th e  p a ra m e t e rs  g iv e n  in  t a b le  4 .3  
b u t  w it h  tq =  2 .1 2 5  fm  a n d  a  =  0.9  fm  a n  r.m .s . ra d iu s  o f  2 .9 6  fm  is  o b ta in e d . T h e
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F ig u r e  4 .5 : C a lc u la t e d  a n g u la r  d is t r ib u t io n s  o f  th e  e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  
se c tio n ,A fc -4 0 M e V / n u c le o n  , w it h  th e  v a le n c e  p ro t o n  in  a  2 s i  s h e ll.
re s u lt s  o f  c a lc u la t io n s  p e rfo rm e d  u s in g  th e se  v a lu e s  to  c a lc u la t e  Uis a n d  w it h  th e  
s a m e  p r o je c t ile -t a r g e t  o p t ic a l  p o t e n t ia ls  as u s e d  p r e v io u s ly  a re  s h o w n  in  f ig u re  4.6. 
I n  th e  c a lc u la t io n s  w h o se  re s u lt s  a re  s h o w n  in  fig u re s  4 .5  a n d  4.6  th e  r.m .s . r a d iu s  o f  
th e  s in g le  p a r t ic le  d e n s it y  o f  8B  re m a in s  u n a lt e re d  w h e re a s  v a lu e s  o f (p r b it a l a n g u la r  
m o m e n t u m  q u a n t u m  n u m b e r ch a n g e . T h e s e  tw o fig u re s  sh o w  o n ly  m in im a l d iffe r­
e n c e s a n d  so  w e c o n c lu d e  t h a t  it  is  th e  o v e ra ll  ‘s iz e ’ o f  th e  p r o je c t i le  t h a t  is  h a v in g  
a  b e a r in g  o n  th e  m a g n it u d e  o f  th e  e ffe cts d u e  to  e la s t ic  b re a k -u p . H o w e v e r, s in c e  
th e  s iz e  o f  th e  p r o je c t ile  is  d ic ta te d , in  p a rt ,  b y  it s  o r b it a l  a n g u la r  m o m e n t u m  w e  
c a n n o t  s a y  t h a t  th e  v a lu e  o f  I, p e r  se, is  n o t p la y in g  a n y  p a r t  in  th e  e ffe cts d u e  to  
b re a k -u p .
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F ig u r e  4.6: C a lc u la t e d  a n g u la r  d is t r ib u t io n s  o f  th e  e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  
s e c t io n , a t 4 0  M e V / n u c le o n ,  w it h  th e  v a le n c e  p ro t o n  in  a  l p |  s h e ll.
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Chapter 5
Inclusion of spin-orbit interactions
T h e  p r e v io u s  c h a p t e r  sa w  th e  d if fe re n t ia l c ro s s  s e c t io n  c a lc u la t e d  u s in g  o n ly  c e n t ra l  
p o t e n t ia ls ,  as b o t h  c o n s t it u e n t  c lu s t e r s  o f  8B  p o sse ss  a n  in t r in s ic  a n g u la r  m o m e n t u m  
w e n o w  c o m e  to  in c lu d e  th o se  t e rm s  t h a t  a c c o u n t  fo r th e  s p in - o r b it  in t e r a c t io n s  
b e tw e e n  th e  p r o je c t ile  c lu s t e r s  a n d  th e  t a rg e t  in  th e  c a lc u la t io n  o f  th e  d if fe re n t ia l  
c ro s s  s e c t io n . A s  w a s p r e v io u s ly  s t a t e d  th e  tre a t m e n t  o f  th e  s p in - o r b it  in t e r a c t io n  is  
to  a l l  o rd e rs  in  b re a k -u p ,  h o w e v e r th e  c o r re s p o n d in g  n o  b re a k -u p  l im it  c a lc u la t io n s  
h a v e  n o t  y e t b e e n  p e rfo rm e d . T h e  c a lc u la t io n  o f  a  s in g le  fo ld in g  p o t e n t ia l  t h a t  
in c lu d e s  th ese in t e r a c t io n s  is  n o t im p o s s ib le  a n d  is  th e  g o a l o f  f u t u r e  w o rk .
5 . 1  Spin-O rbit potentials
T h e  p r o je c t i le  c o re  c lu s t e r -t a r g e t  s p in - o r b it  o p t ic a l p o t e n t ia l is  c a lc u la t e d  fo llo w in g  
th e  p r o c e d u re  set o u t  in  re fe re n c e  [60] b y  a s s u m in g  t h a t  th e  s p in  o f  t h is  c lu s t e r  is  
d u e  to  a n  u n p a ir e d  n e u t ro n  in  a  l p |  s h e ll. T h e  s p in - o r b it  in t e r a c t io n  o f t h is  n u c le o n  
is  th e n  fo ld e d  o v e r th e  g ro u n d  s ta t e  w a v e  fu n c t io n  o f th e  c o re  c lu s t e r  to  y ie ld
I V N  ( » • - )  ■ S .  I =  V oL 'S  ( r e )  L c  • 4  , ( 5 . 1 )
w h e re  lc is  th e  o r b it a l  a n g u la r  m o m e n t u m  q u a n t u m  n u m b e r o f  th e  c o re  c lu s t e r  a b o u t  
it s  c e n t re  o f  m a s s  a n d  l cw. a n d  s c a re  th e  o p e ra t o r s  o f  th e o r b it a l a n g u la r  m o m e n t u m  
o f th e  u n p a ir e d  n u c le o n  o f  th e  c o re  c lu s t e r  a b o u t  th e  ta rg e t  a n d  it s  s p in ,  re s p e c t iv e ly .
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T a b le  5 .1 : P a ra m e t e r s  u se d  to c a lc u la t e  c o re  c lu s t e r  s p in - o r b it  o p t ic a l p o t e n t ia l
T h e  r a d ia l  p a r t  o f  th e  g ro u n d  s ta t e  w a v e  fu n c t io n  o f  th e  c o re  c lu s t e r,  ipioSc, is  d e ­
s c r ib e d  b y  a  p -w a v e  h a r m o n ic  o s c il la t o r  s in g le  p a r t ic le  s ta te  w it h  le n g th  p a ra m e t e r  
a =  1 .6 3 2 5  fm , th u s
^ferric (^core) —  TlcSc (r core) ^   ^ (jc I jc tnj) I  (^ rcorej Pv core) X sco\s , (5 .2 )
CjCTs
w h e re  • ,
VlcSc (j’core) ~  2  ( g ^ i o )  r core e x P 2 fl2 ^  (5 -3 )
a n d  x Sc0-s is  th e  s p in o r  o f  th e  c o re  c lu s t e r ’s v a le n c e  n u c le o n . T h e  s p in - o r b it  p o t e n t ia l  
v £ s  is  ta k e n  to h a v e  th e  s a m e  fo rm  as th e  c o r re s p o n d in g  p a r t  o f  e q u a tio n  4 .2 7  w it h  
p a ra m e t e rs  g iv e n  in  t a b le  5 .1 .
T h e  o p t ic a l p o t e n t ia l u se d  to d e s c rib e  th e  s p in - o r b it  in t e r a c t io n  o f  th e  8B  v a le n c e  
p r o t o n -t a r g e t  s u b s y s te m  w a s a  S c h ro d in g e r  e q u iv a le n t  r e d u c t io n  o f  a  D ir a c  o p t ic a l  
p o t e n t ia l  c a lc u la t e d  fo r  th e  e la s t ic  s c a t t e r in g  o f  a  p ro t o n  fo rm  a  12C  ta rg e t  a t 4 0  
M e V  [56, 57, 58].
T h e  p r o je c t ile  c o re - a n d  v a le n c e -t a rg e t  s p in - o r b it  p o t e n t ia ls  a re  s h o w n  in  f ig ­
u re  5.1
5 . 2  Differential cross section calculations
A  c o m p a ris o n  o f  th e  c a lc u la t e d  a n g u la r  d is t r ib u t io n s  o f  th e  e la s t ic  s c a t t e r in g  d iffe r­
e n t ia l c ro s s  s e c t io n  o f  8B  +  12C , a t  4 0  M e V / n u c le o n ,  w it h  a n d  w it h o u t  th e  in c lu s io n  
o f s p in - o r b it  in t e r a c t io n s  is  s h o w n  in  f ig u re  5 .2 . F ro m  t h is  p lo t  w e see t h a t  th e  
s p in - o r b it  in t e r a c t io n  h a s  th e  effect of, v e ry  s lig h tly , re d u c in g  th e  d if fe re n t ia l c ro s s  
s e c t io n  a t la r g e r  s c a t t e r in g  a n g le s. F ig u r e  5 .3  sh o w s a  p lo t  o f  t h e lp e rc e n t a g e  c h a n g e
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Figure 5.1: Projectile core-target and valence-target spin-orbit potentials.
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F ig u r e  5 .2 : C a lc u la t e d  a n g u la r  d is t r ib u t io n  o f  th e  8B  +  12C  e la s t ic  s c a t t e r in g  d if fe r­
e n t ia l c ro s s  se c tio n s , a t 4 0 M e V /n u c le o n ,  o b ta in e d  w it h  (d a s h e d  c u r v e )  a n d  w it h o u t  
(s o lid  c u rv e )  in c lu s io n  o f  s p in - o r b it  in te ra c t io n s .
in  th e  d if fe re n t ia l c ro s s  s e c t io n  c a u s e d  b y  th e  in c lu s io n  o f  s p in - o r b it  in t e r a c t io n s ,  b u t  
l im it e d  to  th e  c a se  t h a t  K  =  0 in  e q u a tio n  3 .5 1  o f  s e c t io n  3.4 , da  | / / £ 0 , re la t iv e  to  th e  
c a lc u la t io n  in  w h ic h  o n ly  c e n t ra l in t e r a c t io n s  a re  p re se n t, da  |£ = o - T h i s  f ig u re  sh o w s
th a t , a t la r g e r  s c a t t e r in g  a n g le s, th e  effect o f  in c lu d in g  th e  s p in - o r b it  in t e r a c t io n s
12 c o m p a re d  to  it s  v a lu e  w h e n  o n ly  c e n t ra l in t e r a c t io n s
a re  p re s e n t. H o w e v e r, it  is  seen  t h a t  o n ly  a  s m a ll  r e d u c t io n  is  e ffe cte d  a n d  t h a t
a t s m a ll  s c a t t e r in g  a n g le s  th e  effect o f  th e  s p in - o r b it  in t e r a c t io n s  o n  th e  d if fe re n t ia l
c ro s s  s e c t io n  a re  n e g lig ib le .
T h e  d if fe re n t ia l c ro s s  s e c t io n  f u lly  a c c o u n t in g  fo r s p in - o r b it  in t e r a c t io n s ,  da
is  fo u n d  b y  a d d in g  th e  c o n t r ib u t io n s  fro m  th e  p o s it iv e  te rm s , J2k^o,q \qkq\ » to  
2 O W v fU  V u e V ,  O F t , W
m0O . F ig u r e  5 .4  sh o w s a  p lo t  o f t h e |p e rc e n t a g e  c h a n g e  in  th e  d if fe re n t ia l c ro s s
49
e c.M. (d e 9)
F ig u r e  5 .3 : P e rc e n t a g e  c h a n g e  in  d o / d o  Ruth c a lc u la t e d  fro m  th e  te rm  
in c lu s io n  o f  th e  s p in - o r b it  in t e r a c t io n .
Ooo
2
d u e  to
s e c t io n  c a u s e d  b y  f u l ly  in c lu d in g  th e  s p in - o r b it  in t e r a c t io n s  re la t iv e  to  do  ^
is  seen  t h a t  th e  e ffe ct o f  th e  te rm s  Y ,k ^ q ,q  \oi<q\ 1S o n ty to  n o m in a lly  in c re a s e  th e  
d if f e re n t ia l c ro s s  s e c t io n  r e la t iv e  to  d o  | ^ £ 0.
C o m p a r in g  f ig u re s  5 .3  a n d  5 .4  w e see th a t, in  th e  s y s t e m  u n d e r  s t u d j',  th e  in c lu ­
s io n  o f  s p in - o r b it  in t e r a c t io n s  h a s  o n ly  a  s m a ll  effect o n  th e  a n g u la r  d is t r ib u t io n  o f  
th e  d if fe re n t ia l c ro s s  s e c t io n .
5 . 3  Sensitivity to  valence-target spin-orbit po ten ­
tials
I n  th e  p r e v io u s  s e c t io n  w e sa w  t h a t  th e  s p in - o r b it  in t e r a c t io n s  h a d  a n  a lm o s t  n e g li­
g ib le  e ffe ct o n  th e a n g u la r  d is t r ib u t io n  o f  th e  d iffe re n tia l c ro s s  s e c t io n . I n  f ig u re  5 .1
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F ig u r e  5.4 : P e rc e n ta g e  c h a n g e  in  dnl<laUnlh d u e  to  f u lly  in c lu d in g  th e  s p in - o r b it  
in t e r a c t io n .
it  is  se e n  t h a t  th e  v a le n c e -t a rg e t  s p in - o r b it  p o t e n t ia l is  g re a te r  in  m a g n it u d e  t h a n  
it s  c o r e -t a r g e t  c o u n t e rp a r t  a n d , th u s, m a y  b e  e x p e c te d  to  c o n t r ib u t e  th e  d o m in a n t  
e ffe cts  o f  th is  in t e r a c t io n .  T h i s  is  in  l in e  w it h  th e  v ie w  t h a t  o n ly  o n e  n u c le o n  is  c o n ­
t r ib u t in g  to th e  s p in - o r b it  in t e r a c t io n  o f th e  p r o je c t ile  c o re  c lu s te r.  I n  t h is  s e c t io n  
w e s h a ll  d e t e rm in e  w h e t h e r  th e  d if fe re n t ia l c ro s s  s e c t io n  is  s e n s it iv e  to  th e  p o t e n t ia l  
d e s c r ib in g  th e  p r o je c t ile  v a le n c e -t a rg e t  s p in - o r b it  in t e r a c t io n . T o  d o  t h is  w e u se  a n  
o p t ic a l  p o t e n t ia l  o f  th e  s a m e  fo rm  as u se d  p r e v io u s ly  to  d e s c r ib e  th e  s p in - o r b it  in ­
t e r a c t io n  b e tw e e n  th e  u n p a ir e d  p r o t o n  o f th e  c o re  c lu s t e r  a n d  th e  ta rg e t , g iv e n  in  
s e c t io n  5 .1 . T h e  p a ra m e t e rs  o f  th e se  p o t e n t ia ls  a re  g iv e n  in  t a b le  5 .2  a n d  a re  ta k e n  
fro m  re fe re n c e s  [61, 62, 63] a n d  a lso , fo r  a  s lig h t ly  m o re  d iffu s e  p o t e n t ia l,  u s in g  th e  
v a lu e  o f  o,l .s  ta k e n  fro m  re fe re n c e  [64]. T h e s e  p o te n tia ls  w e re  c h o s e n  b e c a u s e  th e y  
p r o v id e  a  u s e fu l a lt e r n a t iv e  t h a t  is  n o t  to o  d is s im ila r  in  g e o m e try  fro m  th e  in it i a l  
c h o ic e  o f  s p in - o r b it  p o t e n t ia l a n d  a re  easj^ to  c o m p u te . U s in g  th e se  v a le n c e -t a rg e t
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T a b le  5 .2 : P a ra m e t e r s  fo r  th e  v a le n c e  p r o t o n -t a r g e t  s p in - o r b it  p o t e n t ia l
s p in - o r b it  p o t e n t ia ls  f ig u re  5 .5  sh o w s p lo ts  o f  th e  p e rc e n t a g e  c h a n g e  in  th e  d iffe re n ­
t ia l  c ro s s  se c t io n , d u e  to f u l ly  in c lu d in g  th e  s p in - o r b it  in t e r a c t io n s ,  r e la t iv e  to th e  
c a lc u la t io n  w it h  c e n t ra l in t e r a c t io n s  a lo n e . W e  see fro m  t h is  f ig u re  a n d  t h a t  o f  fig ­
u re  5 .3  t h a t  th e  d if fe re n t ia l c ro s s  s e c t io n  is  s e n s it iv e  to  th e  g e o m e try  o f  th e  s p in - o r b it  
p o t e n t ia l,  h o w e v e r, w e a lso  n o te  t h a t  th e  in c lu s io n  o f  th e se  p o t e n t ia ls  in  th e  th re e -  
b o d y  G la u b e r  c a lc u la t io n  re s u lt s  in  o n ly  a  s m a ll  effect o n  th e  a n g u la r  d is t r ib u t io n  
o f  th e  d if fe re n t ia l c ro s s  s e c tio n .
W e  m a y  a lso  lo o k  a t th e  e ffe ct o f  in c r e a s in g  th e  d e p th , a n d  h e n c e  th e  s tre n g th ,  
o f  th e  s p in - o r b it  p o t e n tia ls .  C o m p a r in g  th e  p lo t s  in  fig u re s  5 .3  a n d  5 .4  w e e x p e c t  
t h a t  th e  m a in  c o n t r ib u t io n  to th e  d if fe re n t ia l c ro s s  s e c tio n , g iv e n  in  e q u a t io n  3 .5 1 ,  
to c o m e  fro m  th e  te rm  | gQ0 |2 , a lt e rn a t iv e ly ,  fro m  e q u a tio n  3 .4 8 , w h e n  X f s  a n d  
X y 's  a re  s m a ll,  th e  s p in - o r b it  in t e r a c t io n s  a re  fe lt  m a in ly  th ro u g h  th e  v a lu e s  o f  /qq 
a n d  /qq, g iv e n  in  a p p e n d ix  C ,  in  th e  m a t r ix  f  o f  e q u a tio n  3 .4 0 . S in c e  th e  s p in - o r b it  
p h a s e  s h if t  fu n c t io n s  a re  p r o p o r t io n a l  to  th e  s t re n g t h  o f  th e  p o t e n t ia l  it  fo llo w s, to  
le a d in g  o r d e r  in  V f ' s , t h a t
f fo o =  (ffo'o) +  [ «  {V cL SY + 13 ( r i ' S) 2] A 5oo , (5 .4 )
w h e re  Qqq is  th e  c o n t r ib u t io n  to  g^Q t h a t  is  in d e p e n d e n t  o f  th e  s p in - o r b it  p h a s e  s h ift  
fu n c t io n s ,  X £ '5 , a n d  a  a n d  ft a re  c o n s ta n ts . Ig n o r in g  th e  t e rm  c o n t a in in g  | A J  12o o  I
w e o b t a in  a n  e x p re s s io n  fo r  th e  d if fe re n t ia l c ro s s  s e c t io n  g iv e n  by,
da
dT i
* J 12
—  \9oo\ T  2
i< = o
a  (V CL'S) 2 +  0  (V„L S ) 2] R e  [ ( f f 7 ) *  A  . ( 5 . 5 )
F ig u r e  5 .6  sh o w s th e  e ffe ct o f  in c r e a s in g  th e  d e p t h s  o f  th e  p r o je c t i le  c o re - a n d  
v a le n c e -t a rg e t  s p in - o r b it  p o t e n t ia ls  o n  th e  d iffe re n tia l c ro s s  s e c t io n  a t  c e n t re  o f  m a s s
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F ig u r e  5 .5 : P e rc e n t a g e  c h a n g e  in  d o j  d o  w h e n  u s in g  v a le n c e -t a rg e t  s p in - o r b it
in t e r a c t io n s  g iv e n  in  re fe re n c e s  [61] (s o lid  c u rv e )  a n d  d iffu s e n e s s  fro m  [64] (d o tt e d  
c u r v e ) .
s c a t t e r in g  a n g le s  o f  10°, 2 0 ° a n d  3 0 ° . I n  th e se  p lo t s  th e  a b s c is s a  is  th e  ra t io  o f  th e  
in c re a s e d  d e p t h  to  th e  o r ig in a l d e p t h  o f  th e  s p in - o r b it  p o t e n t ia ls .  T h e s e  f ig u re s  sh o w  
t h a t  th e  a n t ic ip a t e d  f o u r  fo ld  effect o n  th e  d iffe re n t ia l c ro s s  s e c t io n  is  v e r y  n e a r ly  
o b ta in e d .
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F ig u r e  5.6 : E ffe c t  o f  d o u b lin g  th e  d e p t h  o f  th e  s p in - o r b it  p o t e n t ia ls .  U s in g  v a le n c e -  
t a rg e t  p o t e n t ia l  f ro m  a  D ir a c  o p t ic a l p o t e n t ia l (t o p ),  re fe re n c e  [61] (m id d le )  a n d  
w it h  th e  d iffu s e n e s s  o f  re fe re n c e  [64] (b o t t o m ).  T h e  k e y  a p p lie s  to  a l l  p a rt s  o f  t h is  
fig u re .
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5 . 4  Energy dependence of the  effects of th e  spin- 
orbit in teraction
A n  e n e rg y  d e p e n d e n t p r o je c t ile -t a r g e t  c e n t ra l p o t e n t ia l m a y  b e  o b ta in e d  fro m  th e  
ltp p > a p p r o x im a t io n . I n  t h is  d o u b le  f o ld in g  p r o c e d u re  f in ite  ra n g e  n u c le o n -n u c le o n  
in t e r a c t io n s ,  g iv e n  b y  th e  t m a t r ix  o f  re fe re n c e  [65], a re  a v e ra g e d  o v e r th e  ta rg e t  a n d  
p r o je c t i le  c lu s t e r  n u c le o n  d e n s itie s . A s s u m in g  G a u s s ia n  p ro t o n  a n d  n e u t ro n  d e n s it y  
d is t r ib u t io n s  fo r  th e  p r o je c t ile  c o re  c lu s t e r  a n d  th e  ta rg e t, w it h  r .m .s  r a d ii  g iv e n  in  
t a b le  4 .2 , a n d  a  p o in t  lik e  p r o je c t ile  v a le n c e  p a rt ic le ,  th e  c e n t ra l p o t e n t ia ls  o f  th e  
p r o je c t i le  c o re - a n d  v a le n c e -t a rg e t  sy ste m s, a t in c id e n t  la b o r a t o r y  e n e rg ie s  o f  100, 
2 0 0  a n d  4 2 5  M e V / n u c le o n ,  a re  s h o w n  in  fig u re s  5 .7  a n d  5.8, re s p e c t iv e ly .
T h e  p r o je c t i le  v a le n c e -t a rg e t  s p in - o r b it  p o t e n t ia l is  ta k e n  to  b e  o f  T h o m a s  fo rm  
w it h  p a ra m e t e rs  g iv e n  in  th e  to p  ro w  o f  t a b le  5 .2  a n d  a lso  u s in g  th e  e n e rg y  d e p e n d e n t  
v a lu e  o f  r k.s  g iv e n  in  re fe re n c e  [61]. T h e  e q u iv a le n t  c o re -t a rg e t  p o t e n t ia l w a s fo u n d  
b y  fo llo w in g  th e  p r o c e d u re  d e s c rib e d  in  s e c t io n  5 .1  u s in g  th e  p a ra m e t e rs  fo r  VjQ.s  
a ls o  g iv e n  in  ta b le  5 .2 . F ig u r e  5.9  sh o w s th e se  p u r e ly  re a l p o t e n t ia ls  a t  a  la b o r a t o r y  
e n e rg y  o f  1 0 0  M e V / n u c le o n .  T h e  s p in - o r b it  p o t e n t ia ls  a t e n e rg ie s  o f  2 0 0  a n d  4 2 5  
M e V / n u c le o n  a re  n o t  s h o w n  b e c a u s e  o f  t h e ir  v e r y  s m a ll e n e rg y  d e p e n d e n c e  le a d in g  
to  p o t e n t ia ls  v e ry  s im ila r  to  th e  lo w e r e n e rg y  case.
F ig u r e  5 .1 0  sh o w s a  c o m p a ris o n  o f  th e  re s u lt s  o f  c a lc u la t in g  o f  th e  a n g u la r  d is t r i­
b u t io n  o f  th e  e la s t ic  s c a t t e r in g  d iffe re n t ia l c ro s s  s e c t io n  fo r th e  s e p a ra t e  case s w h e n  
e it h e r  c e n t ra l in t e r a c t io n s  a lo n e  o r b o t h  c e n t ra l a n d  s p in - o r b it  in t e r a c t io n s  a re  in ­
c lu d e d , a t  p r o je c t ile  in c id e n t  la b o r a t o r y  e n e rg ie s  o f  100, 2 0 0  a n d  4 2 5  M e V / n u c le o n ,  
re s p e c t iv e ly . F ro m  th e se  p lo ts  it  is  c le a r  t h a t  fo r  v e ry  s m a ll  a n g le  s c a t t e r in g  th e  
s p in - o r b it  in t e r a c t io n  h a s  v e ry  l it t le  a ffe ct u p o n  th e  d iffe re n t ia l c ro s s  s e c t io n  a n d  
a ls o  t h a t  as th e  e n e rg y  o f  th e  8B  p r o je c t ile  in c re a s e s  so  d o e s th e  s ig n if ic a n c e  o f th e  
e ffe ct o f  th e  s p in - o r b it  in t e ra c t io n s . W e  n o te  t h a t  th e  g e n e ra l e ffe ct o f  th e  s p in -  
o r b it  in t e r a c t io n s  is  n o w  to  in c re a s e  th e  m a g n it u d e  o f  th e  d if fe re n t ia l c ro s s  s e c t io n  
w h ic h  c o n t ra s t s  w it h  th e  c a lc u la t io n s  o f  s e c t io n  5 .2 . T h e  in c r e a s in g  s e n s it iv it y  o f
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F ig u r e  5 .7 : C e n t r a l  re a l (a b o v e ) a n d  im a g in a r y  (b e lo w ) o p t ic a l  p o t e n t ia ls  o f  th e  
p r o je c t i le  c o re -t a rg e t  in t e r a c t io n  a t 1 0 0  (s o lid  c u rv e ),  2 0 0  (d o t t e d  c u r v e )  a n d  4 2 5  
(d a s h e d  c u rv e )  M e V / n u c le o n .
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F ig u r e  5.8: C e n t r a l  re a l (a b o v e ) a n d  im a g in a r y  (b e lo w ) o p t ic a l  p o t e n t ia ls  o f  th e  
p r o je c t i le  v a le n c e -t a rg e t  in t e r a c t io n  a t  1 0 0  (s o lid  c u rv e ),  2 0 0  (d o tt e d  c u rv e )  a n d  4 2 5  
(d a s h e d  c u rv e )  M e V / n u c le o n .
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F ig u r e  5.9 : P u r e ly  re a l s p in - o r b it  p o t e n t ia ls  o f  th e  p r o je c t ile  c o re -  (s o lid  c u rv e )  a n d  
v a le n c e -  (d a s h e d  c u rv e )  t a rg e t  s y s t e m s  a t 1 0 0  M e V /n u c le o n .
th e  d if fe re n t ia l c ro s s  s e c t io n  to  th e  s p in - o r b it  p o t e n t ia l m u s t, in  so m e  w ay, b e  a t ­
t r ib u t a b le  to  th e  b e h a v io u r  o f  th e  o p t ic a l p o t e n t ia ls  a n d  s u b s e q u e n t ly  t h ro u g h  th e  
p h a s e  s h if t  fu n c t io n s .  P lo t s  s h o w in g  th e  c e n t ra l p h a se  s h ift  f u n c t io n s  a n d  t h e ir  s p in -  
o r b it  c o u n t e rp a rt s ,  m u lt ip l ie d  b y  th e  f a c t o r  see e q u a tio n s  3 .7 , 3 .8  a n d  3 .1 4 ,
a t  p r o je c t i le  la b o r a t o r y  e n e rg ie s  o f  100, 2 0 0  a n d  4 2 5  M e V / n u c le o n  a re  s h o w n  in  
f ig u re  5 .1 1 . F r o m  th e se  p lo t s  w e see t h a t  fo r in c re a s in g  p r o je c t i le  e n e rg y  th e  p h a s e  
s h if t  fu n c t io n s  d u e  to th e  s p in - o r b it  in t e r a c t io n s  b e c o m e  in c r e a s in g ly  s ig n if ic a n t  in  
c o m p a r is o n  to  t h e ir  c e n t ra l c o u n t e rp a r t s  a n d  h e n ce  t h e ir  ro le  in  th e  c a lc u la t io n  o f  
th e  d if fe re n t ia l c ro s s  s e c t io n  in e v it a b ly  ta k e s o n  g re a te r im p o rt a n c e .
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F ig u r e  5 .1 0 : 8B  +  12C  d if fe re n t ia l c ro s s  s e c t io n  c a lc u la t e d  w it h  o n ly  c e n t ra l in t e r a c ­
t io n s  ( s o lid )  a n d  c e n t ra l a n d  s p in - o r b it  in t e r a c t io n s  (d o t t e d ),  in  r a t io  to  R u t h e r fo r d ,  
a t  1 0 0  (t o p ),  2 0 0  (m id d le )  a n d  4 2 5  (b o t t o m ) M e V /n u c le o n .
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F ig u r e  5 .1 1 : C e n t r a l  a n d  s p in - o r b it  ( x  p h a se  s h ift  f u n c t io n s  a t  1 0 0  (t o p ),
2 0 0  ( m id d le )  a n d  4 2 5  (b o t t o m ) M e V / n u c le o n .  T h e  k e y  a p p lie s  to  a l l  p a r t s  o f  t h is  
f ig u re .
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Chapter 6 
Summary and Conclusion
O n e  o f  th e  t h e o re t ic a l to o ls  u s e d  in  th e  s t u d y  o f  th e  s c a t t e r in g  o f c o m p o s it e  n u c le i  
l ia s  b e e n  th e  e ik o n a l, o r G la u b e r ,  m o d e l. T h is  a p p r o x im a t io n  h a s  b e e n  f r u it f u l ly  
a p p lie d  to  th e  s t u d y  o f  h ig h  e n e rg y  s c a t t e r in g  o f  h a d ro n s  fro m  n u c le i [6] a n d  m o re  
r e c e n t ly  to  th e  s t u d y  o f  h a lo  n u c le i [37]. I n  th e  th re e -b o d y  G la u b e r  m o d e l w e p ic t u r e  
th e  c o m p o s it e  p r o je c t ile  as c o n s is t in g  o f  tw o b o u n d  c lu s t e rs  o r b it in g  t h e ir  c e n tre  o f  
m a ss. S in c e  th e se  c lu s t e r s  g e n e r a lly  p o sse ss  a n  in t r in s ic  a n g u la r  m o m e n t u m  w e h a ve ,  
in  t h is  w o rk , in t r o d u c e d  a  m e t h o d  o f  in c o r p o r a t in g  th e  e ffe cts d u e  to  th e  s p in - o r b it  
in t e r a c t io n  b e tw e e n  th e  in d iv id u a l  c lu s t e r s  a n d  th e  ta rg e t in t o  th e  c a lc u la t io n  o f  th e  
e la s t ic  s c a t t e r in g  a m p lit u d e  w it h in  t h is  m o d e l. T h e  re s u lt in g  t h e o r e t ic a l m a c h in e r y  
w a s  th e n  a p p lie d  to  th e  s t u d y  o f  th e  e la s t ic  s c a t t e r in g  o f  th e  p r o t o n  h a lo  n u c le u s ,  
8B , fro m  12C .
T h e  fo u n d a t io n s  o f  th e  f o r m a lis m  a re  la id  o u t  in  c h a p t e r  2 w h ic h  e x p o s e s  th e  
t re a tm e n t  o f  c e n t ra l in t e r a c t io n s  b e tw e e n  th e  p r o je c t ile  c lu s t e r s  a n d  th e  ta rg e t .  
C h a p t e r  3 th e n  b u i lt  u p o n  t h is  f o u n d a t io n  a n d  sa w  th e  c o n s t r u c t io n  o f  a n  e la s t ic  
s c a t t e r in g  d if fe re n t ia l c ro s s  s e c t io n  t h a t  in c lu d e d  s p in - o r b it  in t e r a c t io n s .
T h e  G la u b e r  m o d e l is  a  h ig h  e n e rg y  a p p r o x im a t io n  a n d  re q u ire s  t h a t  th e  c o n ­
d it io n s  1 a n d  ^ |r 1 b o ld  in  o rd e r  to  d e riv e  th e  e la s t ic  s c a t t e r in g  a m p lit u d e .
A t  h ig h  e n e rg ie s  it  m a y  b e  a s s u m e d  t h a t  th e  re la t iv e  m o t io n  o f  th e  p r o je c t i le  c o n ­
s t it u e n t s  is  s lo w  c o m p a re d  to  th e  re la t iv e  m o t io n  o f th e  p r o je c t ile  a n d  ta rg e t . T h is
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a n d  th e  f irs t  o f  th e  s t a t e d  c o n d it io n s  m a k e  it  u s e fu l to fa c t o ris e  th e  f u l l  s c a t t e r in g  
w a v e  f u n c t io n  in t o  p a rt s  re p re s e n t in g  a  p la n e  w a ve  a n d  a  s lo w fy  v a r y in g  fu n c t io n  
m o d u la t in g  th e  p la n e  w a v e .T h e  G la u b e r  a p p r o x im a t io n  to  th e  m o d u la t in g  fu n c t io n  
is  th e n  d e v e lo p e d  fro m  th e  L ip p m a n n -S c h w in g e r  e q u a tio n  a n d  th e  G la u b e r  e la s t ic  
s c a t t e r in g  a m p lit u d e  fo llo w s  a ft e r  s u b s t it u t in g  th e  a p p r o x im a t e d  s c a t t e r in g  w a v e  
f u n c t io n  in to  th e  e x p re s s io n  fo r  th e  e la s t ic  t r a n s it io n  a m p lit u d e . I n  c a lc u la t in g  th e  
t r a n s it io n  a m p lit u d e  it  w a s a s s u m e d  t h a t  fo rw a r d  s c a t t e r in g  p r e d o m in a t e s  a n d  t h a t  
th e  p r o je c t i le  fo llo w s  a  s t r a ig h t  l in e  t r a je c t o r y  d u r in g  th e  c o u rs e  o f  th e  s c a t t e r in g  
p ro c e s s . T h e s e  a s s u m p t io n s  l im it  th e  a n g u la r  ra n g e  o v e r w h ic h  th e  G la u b e r  a p p r o x ­
im a t io n  is  e x p e c te d  to  b e  v a lid .  C a lc u la t io n s  o f  th e  e la s t ic  s c a t t e r in g  a m p lit u d e  
d e p e n d  o n  k n o w in g  th e  p h a s e  s h ift  o f  th e  in c id e n t  w a ve  c a u s e d  as e a c h  c lu s t e r  o f  
th e  p r o je c t i le  p a sse s t h ro u g h  th e  re g io n  o f  in t e r a c t io n  w it h  th e  ta rg e t. I n  G la u b e r  
t h e o ry  t h is  p h a s e  s h if t  m a y  b e  fo u n d  b y  s im p ly  a d d in g  th o se  c a u s e d  b y  th e  c o re  a n d  
v a le n c e  c lu s te rs .  T h e  p h a s e  s h ift s  a re  c a lc u la t e d  fro m  th e  o p t ic a l p o t e n t ia ls  d e s c r ib ­
in g  th e  p r o je c t i le  c o re - a n d  v a le n c e -t a rg e t  in t e ra c t io n s .  C a lc u la t io n  o f  th e  C o u lo m b  
p h a s e  s h if t  f u n c t io n  c a u s e s  fo rm a l d if f ic u lt ie s  d u e  to  th e  lo n g  ra n g e  n a t u re  o f  t h is  
in t e r a c t io n ,  h o w e v e r, u s in g  a  s c re e n e d  C o u lo m b  in te ra c t io n , w it h  a  s c re e n in g  r a d iu s  
o f  a t o m ic  d im e n s io n s , it  is  p o s s ib le  to  p u t  th is  p ro b le m  o n  a  r ig o r o u s  fo o t in g .
T h e  w o rk  o f  in t r o d u c in g  s p in  d e p e n d e n t e ffe cts in to  th e  e la s t ic  s c a t t e r in g  a m p li­
tu d e  w a s  c a r r ie d  o u t  in  c h a p t e r  3. T h e  d if f ic u lt } '  o f  in c lu d in g  s u c h  t e rm s  in t o  th e  
t h re e -b o d y  G la u b e r  m o d e l lie s  in  th e  fo rm  ta k e n  b y  th e  o r b it a l  a n g u la r  m o m e n t u m  
o p e r a t o r  o f  th e  p r o je c t i le  c lu s t e r s  a b o u t  th e  t a rg e t  a n d  c o n s e q u e n t ly  t h e ir  e ffe ct u p o n  
th e  t h r e e - b o d y  w a ve  f u n c t io n  in  th e  c a lc u la t io n  o f th e  e la s t ic  s c a t t e r in g  t r a n s it io n  
a m p lit u d e .  A n  a p p r o x im a t io n  to  th e se  o p e ra t o r s  c o n s is te n t  w it h  th e  G la u b e r  a n d  
a d ia b a t ic  t re a tm e n t s  o f  th e  p r o b le m  w a s fo u n d  in  w h ic h , a n d  t h is  p ro v e d  e s s e n tia l,  
th e re  w e re  n o  in s t a n c e s  o f  th e  V  o p e ra to r. T h i s  fo rm  w a s a c h ie v e d  a ft e r  re c o g n is in g  
th a t, s in c e  th e  m o d u la t in g  fu n c t io n  w a s a s s u m e d  to v a ry  s lo w ly  o v e r o n e  w a v e le n g th  
o f th e  p r o je c t ile ,  th e n  g ra d ie n ts  o f  it  w o u ld  b e  m u c h  s m a lle r  t h a n  k a n d  a lso  b y  
ig n o r in g  g r a d ie n t s  o f  th e  g r o u n d  s ta te  w a v e  f u n c t io n  o f th e  p r o je c t ile .
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U s e  o f t h is  a p p r o x im a t io n  to th e  o r b it a l a n g u la r  m o m e n t u m  o p e ra t o r  a llo w s  th e  
in c lu s io n  o f a  s p in - o r b it  te rm  to  th e  o p t ic a l p o t e n t ia ls  a n d  t h e re b y  in t ro d u c e s  t e rm s  
in t o  th e  m o d u la t in g  f u n c t io n  a n a lo g o u s  to  th o se  o b t a in e d  in  th e  c a se  o f  c e n t ra l  
in t e r a c t io n s .  A l l  th e  in fo r m a t io n  a b o u t  th e  e ffe cts o f s p in  d e p e n d e n t in t e r a c t io n s  
c o u ld  th e n  b e  fo u n d  b y  a p p ly in g  th e  s p in - o r b it  m a t r ix  o p e ra t o rs  to  a c t  u p o n  th e  
G la u b e r  a p p r o x im a t io n  to  th e  f u l l  t h re e - b o d y  w a ve  fu n c t io n . T h i s  t re a tm e n t  a n d  
th e  c a lc u la t io n  o f  th o se  m a t r ic e s  is  f u l ly  e lu c id a t e d  in  th e  te x t.
C h a p t e r s  4  a n d  5 sa w  th e  a p p lic a t io n  o f  th e  t h e o ry  to  th e  e la s t ic  s c a t t e r in g  o f  th e  
c o m p o s it e  p r o je c t i le  8B  fro m  a  12C  ta rg e t. T h o s e  c h a p t e rs  lo o k e d  a t  th e  e ffe ct o n  
th e  a n g u la r  d is t r ib u t io n  o f  th e  e la s t ic  s c a t t e r in g  d iffe re n tia l c ro s s  s e c t io n  fro m  tw o  
s e p a ra t e  c a u se s. C h a p t e r  4 w a s c o n c e rn e d  w it h  th e  effects d u e  to  th e  e la s t ic  b re a k ­
u p  a n d  r e c o m b in a t io n  o f  th e  p r o je c t ile  o n  th e  a n g u la r  d is t r ib u t io n  o f  th e  e la s t ic  
s c a t t e r in g  d if fe re n t ia l c ro s s  s e c t io n  a n d  c h a p t e r  5 w it h  th e  a d d it io n a l  e ffe cts d u e  to  
th e  in c lu s io n  o f s p in - o r b it  in t e r a c t io n s  in  th e  c a lc u la t io n .
C h a p t e r  4  s t a r t s  b y  d e r iv in g  e x p re s s io n s  fo r th e  s in g le  f o ld in g  p o t e n t ia l  a n d  
th e  n o  b r e a k -u p  l im it  e la s t ic  s c a t t e r in g  d iffe re n t ia l c ro s s  s e c t io n . T h e n ,  u s in g  a  
r e n o rm a lis e d  d o u b le  f o ld in g  p o t e n t ia l  a n d  a  S c h ro d in g e r  e q u iv a le n t  r e d u c t io n  o f  a  
D ir a c  o p t ic a l  p o t e n t ia l  to d e s c r ib e  th e  p r o je c t ile  c o re - a n d  v a le n c e -t a rg e t  c e n t ra l  
in t e r a c t io n s ,  re s p e c t iv e ly ,  th e  a n g u la r  d is t r ib u t io n s  o f th e  d if fe re n t ia l c ro s s  s e c t io n s  
fro m  th e  f u l l  t l ir e e - b o d y  a n d  th e  n o  b re a k -u p  l im it  a m p lit u d e  w e re  c o m p a re d  w it h  
a v a ila b le  e m p ir ic a l  d a t a  a t 4 0  M e V / n u c le o n .  I t  w a s fo u n d  t h a t  th e  e m p ir ic a l  d a t a  
w e re  n o t  w e ll re p ro d u c e d  b y  th e  c a lc u la t io n s ,  w it h  th e  o s c il la t io n s  a n d  m a g n it u d e  o f  
th e  e x p e r im e n t a l d a t a  a n d  t h e o re t ic a l c a lc u la t io n  a p p e a r in g  m a r k e d ly  d iffe re n t. I t  
w a s a ls o  n o te d  t h a t  e ffe cts d u e  to  th e  e la s t ic  b re a k -u p  a n d  r e c o m b in a t io n  o f  th e  8B  
p r o je c t i le  w e re  v e ry  s m a ll  w h ic h  w a s r a t h e r  s u r p r is in g  in  v ie w  o f th e  fa c t  t h a t  t h is  
p r o je c t i le  is  o n ly  v e r y  w e a k ly  b o u n d .
C a lc u la t io n  o f  th e  d if fe re n t ia l c ro s s  s e c t io n s  in c lu d in g  a n d  e x c lu d in g  p r o je c t i le  
v a le n c e -t a rg e t  in t e r a c t io n s  e x h ib it e d  n o t ic e a b ly  d iffe re n t a n g u la r  d is t r ib u t io n s .  I n ­
c lu s io n  o f  th e se  in t e r a c t io n s  h a d  th e  e ffe ct o f  m o v in g  a ll  m a x im a  a n d  m in im a  to
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s m a lle r  a n g le s  a n d , a t la r g e r  s c a t t e r in g  a n g le s, th e  m a g n it u d e  o f  b o t h  th e  d iffe re n ­
t ia l  c ro s s  s e c t io n  a n d  th e  e ffe cts o f  b re a k -u p  w e re  re d u c e d . F r o m  t h is  w e c o n c lu d e  
t h a t  p r o je c t i le  v a le n c e -t a rg e t  in t e r a c t io n s  fo rm  a  v e ry  im p o r t a n t  p a r t  o f  th e  c a lc u ­
la t io n  fo r  th is  sy ste m .
F u r t h e r  c a lc u la t io n s  w e re  p e rfo rm e d  w it h  th e  v a le n c e  p r o t o n  o f  8B  in  e it h e r  a n  s-  
w a v e  o r p -w a v e  s ta t e  r e la t iv e  to  th e  7B e  co re , b u t  in  e a ch  c a se  w it h  th e  r.m .s . r a d iu s  
o f th e  s in g le  p a r t ic le  d e n s it y  r e t a in in g  a  s p e c if ic  v a lu e . T h e  a n g u la r  d is t r ib u t io n s  o f  
th e se  d if fe re n t ia l c ro s s  s e c t io n s  sh o w e d  n e g lig ib le  d iffe re n c e s. H o w e v e r, th e  e ffe cts  
o f b r e a k -u p  w e re  e n h a n c e d  fo r  m o re  s p a t ia l ly  e x te n d e d  p r o je c t i le  s t ru c t u re s .  T h e  
c o n c lu s io n  d ra w n  fro m  th is  w a s t h a t  th e  ‘s iz e ’ o f  th e  p r o je c t ile  h a d  a n  im p o r t a n t  
b e a r in g  o n  th e  m a g n it u d e  o f  th e  b re a k  u p  effects.
T h e  in c lu s io n  o f  s p in - o r b it  in t e r a c t io n s  in to  th e  t h re e -b o d y  c a lc u la t io n  w a s s t u d ­
ie d  in  c h a p t e r  5. I n  th e  ca se  o f  th e  8B  +  12C  s y s te m  a t 4 0  M e V / n u c le o n  th e se  
in t e r a c t io n s  w e re  seen to h a v e  a  m in im a l e ffe ct o n  th e  a n g u la r  d is t r ib u t io n  o f  th e  
e la s t ic  s c a t t e r in g  d if fe re n t ia l c ro s s  s e c t io n , th u s  th e  d is c re p a n c y  b e tw e e n  th e  e x p e r i­
m e n t a l d a t a  a n d  th e  t h re e -b o d y  G la u b e r  m o d e l c a lc u la t io n s  c o u ld  n o t  b e  a c c o u n t e d  
fo r  b y  th e  in c lu s io n  o f  th e se  in t e r a c t io n s .  W e  n o t ic e  th a t  th e  7B e  +  12C  a n d  8B  +  
12C  e x p e r im e n t a l d a t a  s h o w n  in  f ig u re s  4 .1  a n d  4.3, re s p e c t iv e ly ,  a re  q u it e  d iffe re n t  
in  c h a ra c t e r .  B e y o n d  5° th e  o s c il la t io n s  o f  th e  7B e  e x p e r im e n t a l d a t a  h a v e  a  s h o r t e r  
w a v e le n g t h  a n d  s m a lle r  a m p lit u d e  c o m p a re d  to  th o se  o f th e  8B  d a t a . In c lu d i n g  a  
v a le n c e -t a rg e t  c e n t ra l in t e r a c t io n  to  t h a t  o f  th e  c o re -t a rg e t  in  th e  c a lc u la t io n  d id  n o t  
s ig n if ic a n t ly  a lt e r  th e se  tw o fe a t u re s  o f  th e  a n g u la r  d is t r ib u t io n  a n d , as s p in - o r b it  
e ffe cts  h a d  o n ly  a  n o m in a l e ffe ct o n  th e  d iffe re n t ia l c ro s s  se c t io n , it  se e m s t h a t  t h is  
t h e o re t ic a l m o d e l w o u ld  o n ly  b e  a b le  to  re p ro d u c e  th e  8B  +  12C  e x p e r im e n t a l d a t a  
w it h  a  r a d ic a l ly  d iffe re n t  set o f  o p t ic a l p o t e n t ia ls  th a n  w e re  u s e d  h e re .
A t  40  M e V / n u c le o n  s p in  d e p e n d e n t effects, th o u g h  s h o w in g  so m e  s e n s it iv it y  to  
th e  o p t ic a l  p o t e n t ia l u s e d  to d e s c r ib e  th e m , w e re  sh o w n  to  h a v e  o n ly  a  v e r y  s m a ll  
effe ct o n  th e  a n g u la r  d is t r ib u t io n  o f  th e  d if fe re n t ia l c ro s s  s e c t io n . B 37 in c r e a s in g  th e  
in c id e n t  e n e rg y  o f  th e  p r o je c t i le  in t o  th e  re g io n  o f h u n d re d s  o f  M e V / n u c le o n  a n d
64
u s in g  e n e rg y  d e p e n d e n t o p t ic a l p o t e n t ia ls  to  d e s c rib e  th e  v a r io u s  in t e r a c t io n s ,  n o t  
o n ly  w a s  th e  a n g u la r  d is t r ib u t io n  o f  th e  d if fe re n t ia l c ro s s  s e c t io n  se e n  to  b e c o m e  
m o re  fo rw a r d  p e a k e d  b u t  it  a lso  b e c a m e  in c r e a s in g ly  s e n s it iv e  to  s p in  d e p e n d e n t  
in t e r a c t io n s .
T h e  f u ll  t h re e -b o d y  s c a t t e r in g  w a ve  fu n c t io n ,  lI © j M ) w h ic h  m a y  b e  a p p r o x im a t e d  
u s in g  th e  th re e -b o d y  G la u b e r  m o d e l, is  o f  fu n d a m e n t a l im p o r t a n c e  b e c a u s e  it  l in k s  
t h e o re t ic a l k n o w le d g e  to  th e  e x p e r im e n t a lly  m e a s u re d  q u a n t it y  ~  (6). I n  th e  c a se  
o f th e  8B  +  12C  s y s te m  g o o d  a g re e m e n t b e tw e e n  e m p ir ic a l d a t a  a n d  th e  t h e o re t ic a l  
t h re e -b o d y  G la u b e r  m o d e l c a lc u la t io n  w a s n o t  o b ta in e d . T h is  m o d e l h a s  p r e v io u s ly  
p ro v e n  c a p a b le  o f  d e s c r ib in g  th e  e la s t ic  s c a t t e r in g  o f o th e r t h re e -b o d y  s y s te m s  w h ic h  
s u g g e s ts  t h a t  e it h e r  th e  e m p ir ic a l  a n g u la r  d is t r ib u t io n  is  w r o n g  o r  t h a t  th e  m o d e l o f  
8B  as a  p r o t o n  h a lo  n u c le u s , u se d  h e re , is  in c o m p le t e . N e v e rth e le s s , w e m a y  o b t a in  
so m e  u s e fu l in fo r m a t io n  p e r t a in in g  to  s u c h  a  s y s t e m  fro m  th e  t h r e e - b o d y  G la u b e r  
m o d e l. T h i s  is, in  b r ie f  s u m m a ry , t a k in g  s p in - o r b it  in t e r a c t io n s  in to  a c c o u n t, th e  
t h re e - b o d y  G la u b e r  m o d e l p r e d ic t s  th a t:
1. E ffe c t s  d u e  to  th e  e la s t ic  b re a k  u p  a n d  r e c o m b in a t io n  o f  th e  p r o je c t i le  a re  
s m a ll.
2. V a le n c e - T a r g e t  in t e r a c t io n s  p la y  a n  im p o r t a n t  ro le  in  th e  c a lc u la t io n  o f  th e  
d iffe re n t ia l c ro s s  s e c tio n .
3. E ffe c t s  o f  s p in - o r b it  in t e r a c t io n s  in  t h is  s y s te m  a re  s m a ll.
4. T h e  s ig n if ic a n c e  o f  th e  e ffe cts o f  s p in - o r b it  in t e r a c t io n s  in c re a s e s  w it h  p r o je c t ile  
k in e t ic  en e rg y.
T h e  fa c t  t h a t  w e h a v e  seen th e  c a lc u la t e d  e ffe ct o f  th e  s p in - o r b it  in t e r a c t io n s  o n  
th e  a n g u la r  d is t r ib u t io n  o f  th e  d if fe re n t ia l c ro s s  s e c t io n  to  b e  s m a ll  fo r  th e  8B  +  12C  
s y s t e m  s h o u ld  in  n o  w a y  b e  ta k e n  to m e a n  t h a t  th e  p re c e d in g  w o rk  is  n u g a to ry . I t  
w o u ld  b e  in te re s t in g , in  th e  fu t u re , to  a p p ly  th e se  c a lc u la t io n s  to  s y s t e m s  in  w h ic h  
s p in - o r b it  in t e r a c t io n s  m a y  b e  e x p e c te d  to  b e  m o re  in f lu e n t ia l  in  d e t e r m in in g  th e
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a n g u la r  d is t r ib u t io n  o f  th e  d iffe re n t ia l c ro s s  s e c tio n , fo r e x a m p le  to  th e  d e u te ro n  p lu s  
ta rg e t  s y s te m . T h e  a n g u la r  d is t r ib u t io n  o f th e  d iffe re n tia l c ro s s  s e c t io n  a n d  c e r t a in  
v e c t o r  a n d  te n s o r a n a ly s in g  p o w e rs  h a v e  b e e n  m e a s u re d  fo r  a  p o la r is e d  d e u te ro n  
b e a m  w it h  in c id e n t  e n e rg y  o f  2 7 0  M e V  a t R i K E N  a c c e le ra t o r  re s e a rc h  f a c i l i t y  in  
J a p a n  [77]. T h i s  e m p ir ic a l  d a t a  c o u ld  b e  c o m p a re d  to G la u b e r  m o d e l c a lc u la t io n s  
o f te n s o r a n a ly s in g  p o w e rs  a n d  w o u ld  f u r n is h  u s e fu l in fo r m a t io n  o n  h o w  s p in - o r b it  
in t e r a c t io n s  in flu e n c e  th e  c ro s s  s e c t io n  o f  a n  in c id e n t  p o la r is e d  b e a m .
T h e  s a m e  f a c il i t y  h a s  a lso  b e e n  a b le  to  p r o d u c e  s p in - p o la r is e d  ra d io a c t iv e  n u c le a r  
b e a m s  [78, 79] w h ic h  h a v e  b e e n  u se d  to  m e a s u re  th e  m a g n e t ic  m o m e n t o f  th e  n e u t ro n  
r ic h  n u c le i 14B  a n d  15B  [80]. S im ila r ly ,  th e se  m o m e n ts  h a v e  b e e n  m e a s u re d , in  
h e a v ie r  r a d io a c t iv e  n u c le i,  u s in g  ra d io a c t iv e  n u c le a r  b e a m s  p o la r is e d  b y  p a s s in g  th e m  
t h ro u g h  s e v e ra l t i lt e d  fo ils  [81]. T h u s  it  se e m s t h a t  th e  fu t u re  p r o d u c t io n  o f  p o la r is e d  
b e a m s  o f  p r o t o n  a n d  n e u t ro n  h a lo  n u c le i is  n o t a  f o r lo r n  h o p e . T h e  t h e o re t ic a l s t u d y  
o f o t h e r  s p in - r e la t e d  p ro p e rt ie s ,  s u c h  as th o se  m e n tio n e d  in  th e  p r e v io u s  p a ra g r a p h ,  
o f  s u c h  n u c le i w o u ld  b e  id e a lly  s u it e d  to  th e  t h re e -b o d y  G la u b e r  m o d e l e x p o s e d  in  
t h is  w o rk .
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A p p e n d i x  A
Iterative solution of p q i
I n  t h is  a p p e n d ix  w e sh o w  t h a t  a  n e c e s s a ry  c o n d it io n  to b u ild  u p  th e  s o lu t io n
P g i  (A;, R ,  r )  =  e x p  
is  t h a t  th e  c o m m u t a t o r  [59]
W p t
h2k
z
J  l / + ( R ' , r ) d z ' ( A . l )
| V + ( R , r ) , 1/ + ( R ',  r ) ]  =  0 ( A . 2 )
H e re  V +  is  th e  s u m  o f th e  o p t ic a l p o t e n t ia ls  d e s c r ib in g  th e  in t e r a c t io n s  b e tw e e n  
th e  p r o je c t i le  co re  a n d  v a le n c e  c lu s t e r s  w it h  th e  ta rg e t. T h e  p o s it io n  v e c to rs  o f  th e  
c e n t re  o f  m a s s  o f  th e  p r o je c t i le  r e la t iv e  to  th e  ta rg e t  a n d  th e  r e la t iv e  v e c t o r  b e tw e e n  
th e  tw o  p r o je c t i le  c lu s t e r s  a re  g iv e n  b y  R  a n d  r ,  re s p e c t iv e ly , a n d  a re  s h o w n  in  
f ig u re  2 .1 . T h e  v e c t o rs  R  a n d  R '  m a y  b e  d e c o m p o s e d  in t o  c o m p o n e n t s  p a r a lle l  a n d  
p e r p e n d ic u la r  to  th e  in c o m in g  w a ve  v e c to r, k ,  so t h a t  R  =  ( b , z )  a n d  R '  =  ( b , V ) .
S t a r t in g  fro m  e q u a t io n  2 .1 3  w e h a v e
£
p o l ( * , R , r )  =  l - ^  J  R + ( R ' , r ) p G I ( f c , R ' , r )  dz'. ( A . 3 )
z ' — — OO
S u b s t it u t in g  re p e a t e d ly  fo r  pci o n  th e  r ig h t  h a n d  s id e  o f A .3  y ie ld s  th e  it e r a t iv e  
s o lu t io n
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Figure A .l: Region of integration in the z'z" plane.
po l (k ,R ,r )  =  l - ^  J  F + ( R ' , r  )dz'
z1——OO 
2  z  z>
+ ( ~ * ~ W k j  I  /  y+ (R'>r)F+ (R">r)dz"dZ + ■ ■ • • (A-4)
z' ——OO z" = —00
L e t  u s  n o w  d e fin e  th e  q u a n t it y
z z'
1 =  j  J  V +  ( R ',  r )  V *  ( R " ,  r )  d z" d C  . ( A . 5 )
z*——CO z " ——oo
I f  w e c o n s id e r  th e  a r e a  a b o v e  th e  l in e  z' =  z"  a n d  b e lo w  th e  l in e  z' =  z, s h o w n  in  
fig u re  A . l ,  it  m a y  b e  s h o w n  t h a t  w e m a y  a ls o  w r it e
z z
1 =  [J  V + ( R ' , r ) V +  ( A .6)
z " = —oo z '= z "
a n d , a ft e r  in t e r c h a n g in g  th e  d u m m y  v a r ia b le s  in  e q u a tio n  A .6 so  t h a t  z '  z " ,  
e q u a t io n  A .6 b e c o m e s
z z
1 =  f  f  V +  ( R " ,  r )  V +  ( R ',  r )  d zf'dz1 . ( A . 7 )
z'——oo z "—z'
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W e  n o w  d e fin e  th e  c o m m u t a t o r  o f  V +  ( R " ,  r )  a n d  V +  ( R ',  r )  to  b e  
[ V + ( R " ,  r ) , V + ( R ',  r ) ]  =  V + ( R " , r )  F + ( R ',  r )  -  F + ( R ',  r )  K + ( R " ,  r )  ( A .8)
a n d  u se  it  to  re w rit e  e q u a tio n  A . 7  as
2 Z
I  =  j  j  [ y + ( R " , r ) , F + ( R ' , r ) ]  dz"d.z'
z ' =  — CO z " —z '  
z  z
+  I  I  V +  ( R ',  r )  V +  ( R " ,  r )  d z" d z ' . ( A .9 )
z ' ——ca  z n —z'
I f  w e n o w  a d d  e q u a t io n s  A . 5 a n d  A .9  w e o b t a in
z  z
21=  J  J  | V + ( R " , r ) , V + ( R ' , r ) ]  d z" d z '+
z z  z
I  I  1 /+ ( R ' , r ) V + ( R " , r ) < f e " +  ( R ' , r )  V +  ( R " , r )
z ' =  — OO z " — — o o
dz'.
( A . 1 0 )
U p o n  c o m b in in g  th e  l im it s  o f  th e  z "  in t e g ra t io n  a p p e a r in g  in  th e  s e c o n d  t e rm  o n  
th e  r ig h t  h a n d  s id e  o f  e q u a tio n  A .  10 w e o b t a in
2 1  = J j  [ l / + ( R " , r ) , l / + ( R ' , r ) ]
z ' — —o o  z " = z '  
z z
f  J  r + ( R ' , r ) V + ( R " , r )  d z " d z ' , ( A . l l )
z ' = —OO z " — —OO
s in c e  z 1 a n d  z "  a re  d u m m y  v a r ia b le s  it  fo llo w s  t h a t  e q u a tio n  A . l l  m a y  b e  w r it t e n  a s
z z
2 I  =  j [  [ V + ( R " , r ) , V + ( R ' , r ) ]
—OO ZU= Z i
z  z
J  V + ( R ',  r )  dz'[  ( R " ,  r )  ( A .12)
= —OO z " — ~OO
z  z
=  1 1  [ y + ( R " , r ) , V + ( R ' , r ) ]
z ' — — o o  z " —z ' 
z
J  V + ( R ' , r  ) d z '. ( A . 1 3 )
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1 = 1
If [I /+ (R ", r ) , Y+(R ', r)] =  0 then
Z
J  V+(R',r)o:z' ( A . 1 4 )
a n d  e q u a t io n  A . 4 m a y  b e  w r it t e n  as
Pgi ik,R, r) = 1 -^  j  V+(R',r
1
+  2
I f i p T
h r k
z
j  V +  (R;, r) dz' + ( A . 1 5 )
I n  o r d e r  t h a t  th e  it e r a t iv e  s o lu t io n  o f  e q u a tio n  A .3  b u ild s  u p  in to  th e  e x p o n e n t ia l  
p o w e r s e rie s  s o lu t io n  fo r  p a  it  is  re q u ire d  t h a t  [V+(R, r) , y+(R'}r)] =  0, w it h  t h is  
c o n d it io n  s a t is f ie d  w e th e n  w r it e
pGi(k ,  R,r) =  e x p
=  e x p  [z x + ( A : , R , r ) ]  ,
( A . 1 6 )  
( A . 1 7 )
w h e re  w e h a v e  d e fin e d
zx+(ft,R,r) =  - | |  J  T/+(R',r ) d z ' . ( A . 1 8 )
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Orbital angular momentum 
operators
A p p e n d i x  B
W h e n  th e  o p t ic a l p o t e n t ia l d e s c r ib in g  th e  p r o je c t ile  n  c lu s t e r - t a r  g e t in t e r a c t io n s  
in c lu d e s  a  s p in - o r b it  te rm  it  is  n e c e s s a ry  to  d e te rm in e  th e  e ffe ct o f  th e  L n o p e ra to r,  
a p p e a r in g  in  th e  t e rm  L n • S n , o n  th e  w a v e  fu n c t io n  j j j j .  T h e  a im  o f t h is  
a p p e n d ix  is  to  o b t a in  e x p re s s io n s  fo r  th e  o r b it a l  a n g u la r  m o m e n t u m  o p e ra t o r s  fo r  
th e  p r o je c t i le  c o re  a n d  v a le n c e  c lu s t e r s  a b o u t  th e  ta rg e t, L c a n d  L U) re s p e c t iv e ly .
C la s s ic a lly ,  w e m a y  w r it e  th e  o r b it a l  a n g u la r  m o m e n t u m  o f  th e  v a le n c e  a n d  c o re  
c lu s t e r s  a b o u t  th e  ta rg e t , see f ig u re s  B . l  a n d  2 .1 , as
lLiv —  r y x  p v , ( B . l )
L c =  r c x  p c , ( B . 2 )
w h e re  p „  is  th e  m o m e n t u m  o f b o d y  n. W e  m a y  a lso  w rit e ,  f ro m  f ig u re  2 .1  a n d  
re fe re n c e  [60],
r ”  =  R +  A  x ° A  f ’  ( B -3 ^/ i c  i f ± v
Ic =  K ~  A  Y  r ’ ( B ' 4 )y i  c  I q)
w h e re  A n is  th e  m a s s  o f  c lu s t e r  n  o f  th e  p r o je c t ile  a n d
P „ =  RvT Tv , ( B . 5 )
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Projectile-valence
T a rg e t
F ig u r e  B . l :  D ia g r a m  s h o w in g  th e  c o n n e c t io n  b e tw e e n  th e  o r b it a l  a n g u la r  m o m e n ta  
o f p r o je c t i le  c lu s t e r  n  a b o u t  th e  ta rg e t.
P c —  ticT r c j 
P  R — VPT R  , 
P r  ticv f  ,
( B .6)
( B . 7 )
( B .8)
w h e re  fimn is  th e  re d u c e d  m a s s  o f  th e  m n  tw o -b o d y  sy ste m . In  a  q u a n t u m  m e c h a n ic a l  
tre a tm e n t  th e  m o m e n ta , p R a n d  p r , m a y  b e  re p re s e n te d  b y  th e  d if fe re n t ia l o p e ra t o r s
P  R  ~  “ * V r  , 
P r =  — i V r •
S u b s t it u t in g  in to  e q u a t io n s  B . l  a n d  B .2  w e o b t a in
L v =  - i r v x  [ — V R  +
\ tiP T
a n d
( B . 9 )
( B . 1 0 )
L c =  - i  r c x  I 4 2 V R
p v T  , A c  PvT
tiP  A c +  A v flcv
A y  flCT
V r
V p t  A c +  A v (icv
V r
( B . l l )
( B . 1 2 )
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Matrix elements of exponential 
operators
I n  t h is  a p p e n d ix  w e d e d u c e  th e  fo rm  o f  th e  m a t r ix  e le m e n ts, d e fin e d  in  e q u a t io n s  3.18 
a n d  3.19,
K'X(fe, K )  =  (N m 1 | exp  [ i X  (fe, bn) Q „ ]  | N m )  , ( C . l )
w h e re  w e d e fin e  th e  o p e ra t o r
Q n  =  S 7X • bn x  k , ( C .2)
a n d  w h e re  S n is  th e  s p in  o p e ra t o r  o f  p r o je c t ile  c lu s t e r  n  p o s s e s s in g  s p in  A ,  bn is  
a  u n it  v e c t o r  in  th e  d ir e c t io n  o f  th e  im p a c t  p a ra m e t e r  o f  p r o je c t i le  c lu s t e r  n  a n d  k 
a n d  k a re  th e  m a g n it u d e  o f  a n d  a  u n it  v e c to r  in  th e  d ire c t io n  o f  th e  w a ve  v e c to r,  k, 
re s p e c t iv e ly .
T h e  t a s k  o f  s im p lif ic a t io n  is  c a r r ie d  o u t b y  f irs t  e x p a n d in g  th e  e x p o n e n t ia l f u n c ­
t io n  as a  p o w e r se rie s  o f  th e  o p e ra t o r  Q ^ -  A  m a t r ix  re p re s e n t a t io n  o f  t h is  o p e ra to r,  
a n d  h e n c e  o f  th e  e x p o n e n t ia l f u n c t io n ,  is  th e n  fo u n d  b y  c o n s id e r in g  it s  C a r t e s ia n  
c o m p o n e n t s  in  th e  im p a c t  p a ra m e t e r  p la n e . T h is  f in a l m a t r ix  m a y  b e  e x p re s s e d  as a  
l in e a r  c o m b in a t io n  o f  a  c o m p le t e  set o f  ir r e d u c ib le  te n s o r o p e ra t o r s  f ro m  w h ic h  th e  
r e q u ire d  m a t r ix  e le m e n ts  m a y  b e  c o n s t ru c te d .
W e  b e g in  th e  p ro c e s s  b y  n o t in g  t h a t  fo r th e  o p e ra t o r  Q jy  w it h  e ig e n v a lu e s  q^
A p p e n d i x  C
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w h ic h  a re  d is c re te , d is t in c t  a n d  f in it e  th e  e ig e n v a lu e  e q u a tio n  m a y  b e  w r it t e n  as
Q jv — Q/.i 0/d (6k 3)
w h e re  0 /t is  a n  e ig e n v e c to r o f  Q n  c o r re s p o n d in g  to  e ig e n v a lu e  q^. P r o je c t o r s  P fl o f
th e  s t a t e  0 o n to  th e  s ta te  0/t m a y  b e  d e fin e d , fro m  re fe re n c e  [66], b y
F > ,  n  ( ^ i  i ( c  4 )
t /y / t  9 u
fr o m  w h ic h  it  m a y  b e  seen t h a t
n  ( Q  N - q ll)<t> =  0.( C . 5 )
A ls o ,  P 2 =  PfiPP —  P /i a n d  f ° r  a n y  fu n c t io n  o f  th e  o p e ra t o r  Q /v , /  ( Q v )5 e x p re s s ib le
as a  p o w e r se rie s  e x p a n s io n  in  Q n  w e h a v e
/  ( Q i v )  =  E  /  (9m) L  • ( C .6)
T h i s  le a d s  to  th e  re s u lt
e x p  [ iX (fc ,  bn) Q n ]  =  e x P M t f / J  A  • ( c -7 )
W h e n  Q n  re fe rs  to  a n  o p e ra t o r  Q a  h a v in g  th e  set o f  e ig e n v a lu e s,
( C .8)
th e n
%
- { § ■
i l
2 ’ 2 ’ ■-1 2 j ’
,*T
3 II 1
6 ( Q f - 1 )  ( Q * + 1) ( Q § +  1)
Pi =
2
1
2 ( Q §  -- 1 )  ( < 4 + 1) ( Q | +  1)
P  i =
•2
1
2 ( Q |  -- 1 )  ( Q | -  \) ( Q f +  1)
tO|
W II 1
6 ( Q | - - f) ( Q § _  2) ( Q | +  1)
( C . 9 )
a n d
e x p  [zX (/c, &n ) Q | ]  — e x p  [ z |X ( / c ,  6n ) j  P |  4 e x p  [ z - X (/c ,  6n )j  P i
4 e x p  J - z | X ( A : ,  6n )] P _ i  4 e x p  ^ ~ z |X ( / c ,  6n )J P _ | .
(C.10)
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S u b s t it u t in g  fo r P /t a n d  g a t h e rin g  to g e t h e r te rm s  o f  e q u a l p o w e r in  Q |  y ie ld s ,  
e x p  [ iX (fc ,  6„ ) Q | ]  =  C |  +  C j Q |  +  C j  ( Q a )2 +  C j  ( Q | ) 3 , ( C . l l )
w h e re ,
C §  =  co s [ | X ( / c , 6n )] +  |  co s [ | X ( M n ) ] ,
C\ -  -i-Fz  s in  [ f x (*b bn)] +  s in  [ |X ( / c ,  bn)] ,
C\  =  I  co s [ |X ( / c ,  6n )] -  \ co s [ |X ( f c ,  &„)] ,
C l  =  z |  s in  [§ X (/c ,  6n)] -  z s in  [ |X ( / c ,  &„)] .
F o r  th e  ca se  o f th e  o p e ra t o r  Q i  h a v in g  th e  se t o f  e ig e n v a lu e s
th e n
a n d
w h e re ,
( C . 12)
I?  =  ( 1 )  0, — 1 }  , ( C . 1 3 )
Pi =  | Q i ( Q i  +  i ) ,
Po =  -  ( Q i  -  l )  ( Q i  +  l )  , ( C - 1 4 )
P - 1 =  | Q i ( Q i - l )
e x p  [»X (fc, 6„ ) Q i ]  =  C °  +  C j  Q i  +  C ,2 ( q /  , ( C . 1 5 )
C i  =  1 ,
C l  =  i  s in  [X (ft,  &„)] , ( C . 1 6 )
C ?  =  co s [X (fc, &„)] -  1.
T h e  f in a l c a se  to b e  d e a lt  w it h  e x p lic it ly  re fe rs  to  th e  o p e ra t o r  Q i  t h a t  h a s  th e  
se t o f  e ig e n v a lu e s
% I?-}-
th e n
a n d
p i = (Q* + 0. 
= - (Q| - I) ( C . 1 8 )
e x p  [ iX (fc ,  6„ ) Q i ]  =  C l  +  C j  Q i ,  ( C . 1 9 )
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where
( C . 2 0 )
C |  =  c o s [ iX ( f c , f t „ ) ]  ,
C j  =  i2sin  [ jX ( f c ,  &„)] .
F r o m  e q u a tio n  C . 2  a n d  b y  d e fin in g  th e  a z im u t h a l a n g le  <j>n to  b e  th e  a n g le  b e tw e e n  
th e  x  a x is  a n d  b n w e m a y  w r it e  th e  th e  o p e ra t o r  as
i j  k
Q  n  =  S n • co s (f)n s in  0 n 0 
0  0  1
“  s in  0n co s <j)n S 7ly, ( C .21)
w h e re  S n .E a n d  S n a re  th e  x  a n d  y  c o m p o n e n t s  o f  S n , re s p e c t iv e ly . T o  o b t a in  
th e  m a t r ic e s  re p re s e n t in g  th e se  c o m p o n e n t s  w e u se  th e  a n g u la r  m o m e n t u m  la d d e r  
o p e ra t o rs ,  S n+ a n d  S „ _ , w h ic h  h a v e  m a t r ix  e le m e n ts g iv e n  b y
( N 'm !  | S n± | N m )  — [N  (N  +  1) -  m  (m  ±  l )]2 5N>,N 6m>trn± i  . ( C . 2 2 )
T o  o b t a in  th e  C a r t e s ia n  c o m p o n e n t s  o f  S n w e u se  th e  r e la t io n s  S n± =  S Ux ±  i S Uy
a n d  s in c e  S 7lx a n d  S 71y a re  l in e a r  c o m b in a t io n s  o f  S n+ a n d  S n _ w e o b t a in  m a t r ix
e le m e n ts  w h ic h  c o n t a in  b o t h  r a is in g  a n d  lo w e rin g  o f  m  v a lu e s  b y  u n ity . T h u s  w e  
o b t a in ,
( N m !  | S rix | N i n )  =  i  [N  (N  +  1 ) -  m  ( r a  +  l )]2 5m',m + i
+  \  [N  ( N  +  1 )  -  m ( m  -  l ) ] * t f TO/,m -i ( C . 2 3 )
a n d
( N m ! N  m )  = [N  (N  +  1 ) -  rn ( r a  +  1)]2 <W ,m +i
+  |  [N  ( N  +  1) -  m  (m  -  1)]2 5m/,m_ i . ( C . 2 4 )
F r o m  e q u a t io n s  C . 2 1 , C . 2 3  a n d  C . 2 4  w e o b t a in  d ire c tly ,
[ Q i ]  , =  4  e x p  [?; ( r a  -  m !)  0n] \A\] ,L 2 J m m  9, L 2 J m ' m
(C.25)
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A l  =
{  0  a / 3  0  0
- y / 3  0  2  0
0 - 2  0  y / 3
\  0  0  — a / 3  0
T h e  m a t r ix  e le m e n ts  re p re s e n t in g  ( Q | )  a n d  ( Q | )  a re  th e n  fo u n d  to  b e
where
( C . 2 6 )
( Q | ) 1  -  7  e x P I® (m  ~  m /) f ^ l  iA 1 .n /m  4- L 2 J m '?
( C . 2 7 )
w h e re
A l
3
0 7
— 2 a/ 3  0
^ 0 — 2 a /3
0 — 2 \ / 3 0
0 - 2 > / 3  
7  0
0 3
( C . 2 8 )
a n d
w h e re
( Q | ) 3] == i~  e x p  [i ( m  -  m ')  0 n ] f A | l
'  - '  J m 'm  O  1 2 J m 't
( C . 2 9 )
A l  = ( C . 3 0 )
(  0 7 a /3  0 —6 ^
- 7 \ / 3  0 20 0
0 - 2 0  0 7 a/ 3
6 0 — 7 a /3  0 )
A f t e r  s u b s t it u t in g  th e se  m a t r ic e s  in t o  e q u a tio n  C . l l  th e  m a t r ix  e le m e n ts  re p re ­
s e n t in g  th e  o p e ra t o r  e x p  [zX(A;, 6n ) Q | |  a re  fo u n d  to  b e g iv e n  b y
[e x p  \iX(k, &n ) Q s  11 =  e x p  [i (m  -  m  ) pn] [ A s ]  , ( C . 3 1 )
L L 2 J Jm'm L 2 Jm'm
w h e re
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As =
C l  +  f C f
■A (q + iq)
A (q + \c\ 
q + iq
- i  ( q  +  i q
0 3 / ^ 2
\ /3 / - f 2  
T L 3 
Z 2
4 (q+iq)
C l  +  \ c \
,;f(q4q)
- i \ C l
2
\ /3 r < 2
f a  w  3
A (q+jq
/ ° 0  _i_ 3 / - t 2 
' - ' '3  ' T D  3
2 4  2 /
( C . 3 2 )
F o llo w in g  th e  s a m e  p r o c e d u re  fo r th e  c a se  o f  iV =  1, it is  fo u n d  t h a t
l ) ' ~  i ~ 7 *  e x p  (m  ”  m #) [X il /Jm'm v 2  J m ?
w h e re
A }  =
( C . 3 3 )
0  1 0  '
- 1  0  1
0 - 1 0
( C . 3 4 )
an cl
w h e re
[ ( Q i ) 1  =  I e x p  [i ( m  -  m ')  4>n] [A ? ]
L v J m'm z  1
(  1 0 — 1 ^
V
( C . 3 5 )
( C . 3 6 )0  2  0
- 1  0  1
T h e n ,  w it h  th e  h e lp  o f  e q u a t io n  C .1 5 ,  th e  m a t r ix  e le m e n ts  re p re s e n t in g  th e  o p e ra t o r  
e x p  |z X  (A;, bn) Q i ]  a re  fo u n d  to  be,
[e x p  [ i X  (fe, 6„ )  Q i ] ]  =  e x p  ( m  -  </>n) , ( C . 3 7 )
w h e re
Ai =
I i r i2 o T - r 11 _ I + (2
"+ '  2  1 0 2  1 2  1
- i ^ c f  C f  +  c ?  > : q c {
1 /"t 2 • 1 / “t 1 N 'O  _i_ 1 /~<2
\  2 1 “ 4 0 2 ° 1  +  2 1 /
(C.38)
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1
[ Q i l  =  i- e x p  [i (m -  m!) pn] \a \] ,
L 2 Jm'm 2 L 2 J m'm
w h e re
Finally, for the case of N  =  I it is found that
A\  =  
2
o F
1  0
(C.39)
( C . 4 0 )
an cl so, f ro m  e q u a t io n  C .1 9 ,
[e x p  \iX (k, bn) Q i l ]  =  e x p  [i (m -  m!) pn] U i j  , ( C . 4 1 )
L L 2 J J m 'm  L 2 J m 'm
w h e re
A , ( C . 4 2 )
(  n  o  7 I F 1 \w  \ L I
3 V - 4 0  c \ J ‘
W e  n o w  e x p re s s  th e  m a t r ic e s  A m as a  l in e a r  c o m b in a t io n  o f  a  c o m p le t e  se t o f  
ir r e d u c ib le  t e n s o r o p e ra t o rs ,  TjJ ( iV ) .  W e  w r it e  [47, 48, 67]
A „ ( k , K ) =  £ / £ „ ( * , * . )  tL J N )
n"ln
( C . 4 3 )
w h e re  th e  c o e ffic ie n ts  fj}r„ a re  s c a la r s  to  b e  d e te rm in e d  a n d  th e  la b e ls  k„ a n d
' Kn " n  n  71
s a t is fy  th e  re la t io n s  0 <  kn <  2N  a n d  — kn <  qn <  kn. T h e  m a t r ic e s  rl q (N) a re  
r e a d ily  c o n s t ru c t e d  fro m  th e  re la t io n s ,
(Nm'\ t ' A N )  \ N m )  =  ( N m  \ n,u (N) \ Nm')*
: n (l ii
=  kn (Nm'knqn | N m )  , ( C . 4 4 )
w h e re  kn =  y  2 kn +  1.
I n  o r d e r  to  d e t e rm in e  th e  v a lu e s  o f  th e  f knqn w e P ° s f  m u lt ip ly  th e  m a t r ix  A m  b y  
Tk'n(]'n(N )  a n d  ta k e  th e  tra c e , t h is  y ie ld s
T r [ A w (ft,6n) r . u ,(iV )] =  Tr  £  / £ fc (k,bn) r ^ fc(JV) 7* *  (N)
L M »
=  E  / £ , . ( *  A )  Tr  [rU „(JV ) r * ,,, (IV)] . ( C . 4 5 )
K (ln
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S in c e  th e  v e c t o r  a d d it io n  c o e ffic ie n ts  a re  d e fin e d  to b e  re a l it  is  fo u n d  t h a t
T r  f r L W  =  ( 2N  + 1 )  5<u,q. . ( C . 4 6 )
T h u s ,  f ro m  th e  p r e c e d in g  tw o e q u a tio n s  w e o b ta in ,
1
2 N  +  1
T r [ A w (fc ,6„ ) r M „ ( i V ) ] ( C . 4 7 )
F r o m  e q u a t io n  C . 4 4 ,C . 4 7  a n d  th e  m a t r ic e s  A N th e  s c a la rs ,  f k , m a y  b e  se e n  to
e x h ib it  th e  fo llo w in g  p ro p e rt ie s ,
f C  (A  bn) =  / £ _ , .  ( M n )
a n d
f C  (k < bn) =  0 i f  kn +  qn is  o d d  .
_  3F u r t h e r m o r e ,  w e f in d  th a t, fo r  th e  c a se  N  —  2 ,
X  c ° s  [ bn)
=    {  3 s in
x /4 0  I
./0*0 ( ^ 5 b n )
/A(Mn) 
.0 2 2 ( A > b n )
/ 2 o ( M n )  =  i  C 0 S
+  COS
a/3  J 
< co s
> /3 2  I
| X ( M  n) +  s in | x ( k ,  6„ ) ]  ]
| x ( f c , 6„ ) — co s A ( f c ,  6„)1}
- X (A :,  bn) — COS | x ( f c ,  & „ ) ] } ,
> ^ n )
f 3i(k , bn)
=  r  S S111
L 2
X ( f c ,6n )
o / 3  r  .— /---{ sin
x /3 2 0  I 2 X ( * A )
— 3 s in  
— 3 s in
L 2 X ( * » W
r l x ( A : , b n )
fo r  N  =  1,
/d o (fcA )  =  g  { l  +  2 c o s [ X ( f c , & „ ) ] } ,
/ u ( M n )  =  - + s in [ X ( i : , 6 „ ) ] ,
1
V l 2
1
{  1 -  c o s [ X ( f c ,6„ ) ] }  ,
/ m ( * .  6» ) =  7/ j g  {  1 -  co s [X (fc, & „ )]}
( C . 4 8 )
( C . 4 9 )
( C . 5 0 )
( C . 5 1 )
( C . 5 2 )
( C . 5 3 )
( C . 5 4 )
( C . 5 5 )
( C . 5 6 )
( C . 5 7 )
( C . 5 8 )
( C . 5 9 )
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and for N  —  I,
/o o (M n ) =  cos ^X(fc,&„)
/ A  (A: A )  =  - ^ s i n
1
X (/s ,  6n ) ( C . 6 1 )
(C.60)
F in a lly ,  fro m  e q u a tio n s  C .3 1 ,  C .3 7 ,  C .4 1 ,  C .4 3  a n d  C .4 4  w e see t h a t  w e m a y  n o w  
w r it e
K ' n  (fe, in) =  exp [t (m- m . j  <f>n]E  (*> 6») *n ( W m 'M .  ! w >«) • ( C . 6 2 )
knQn
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A p p e n d i x  D
Manipulation of the vector 
addition coefficients in
I n  t h is  a p p e n d ix  w e d is c u s s  th e  v e c t o r  a d d it io n  c o e ffic ie n ts  a p p e a r in g  in  e q u a ­
t io n  3 .3 9 . T h e  e n s u in g  m a n ip u la t io n s  r e ly  o n  th e  fo llo w in g  re la t io n s ,  g iv e n  in  r e f ­
e re n c e s  [47] a n d  [68], w h e re  th e  R o m a n  le t te rs  a, 6, c . . .  re fe r to  a n g u la r  m o m e n t a  
w it h  th e  c o r re s p o n d in g  G r e e k  le t te rs  a , j3, 7 . . .  t h e ir  z  c o m p o n e n ts ,
y /  (a ex b P  | e g ) (e  e d 5 \ c 7) =
e
T A b p d S  1 /  0 )  (o o : /  0  | c  7) e f  W  ( a b c d \ e  f ) , (D .  1)
f<t>
W  (a b  c d \ e  f )  ( c y  a a  \ f  — 0 )  =
y :  — (a a  b {3 \ e e ) (d 6 c 7 | e — e ) (6 j3 d 8 \ f  0) ( D .2)
e
a n d  th e  s y m m e t r y  p r o p e rt ie s  o f  th e  v e c t o r  a d d it io n  c o e ffic ie n ts , g iv e n  in  re fe r­
e n c e  [47].
R e f e r r in g  to e q u a t io n s  3 .3 6  a n d  3 .3 9 , th e  s im p lic it y  o f  (I 0 I 0 | k 0 0) a rg u e s  t h a t  
it  s h o u ld  b e  le ft a lo n e  a n d  so w e d e a l w it h  th e  se v e n  r e m a in in g  v e c t o r  a d d it io n  
c o e ffic ie n ts . S p e c if ic a lly  w e d e a l w ith ,
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53 ( - 1)™ ' (l -m 'l  I rn[ \ k0 q0) (I m\ s m's | j v m'v)
CTO
Uc m'c 3v m 'v I J M > ) ( l m l S m s I iv m v) U c m c. jv rnv I J M )
(J c  m 'c K  9c I Jc m c) (s m's kv9v  I s  Tns) 5 ( D . 3 )
w h e re  oq =  m tm [m sm!sm cm'cm vm 'v . T h e  f irs t  s te p  is  to  w rite ,
(I m[ s m!s \ j v w!v) (s m!s kv qv \ s m a) =
b  ( - 1  _ m | j v m 'v | s  m 'J  ( s  ???/s A:v rq | s  m 8) , ( D . 4 )
so  th a t ,  u s in g  e q u a t io n  D . l ,  e q u a t io n  D . 3  m a y  b e  w r it t e n  as,
E  ( - l ) 2' - s+5" ] y k  (I - m j  I m , I fc„ 50) ( i c m'c j v m'v \ J M 1)
o-l
( /  m t s m s | j v m v) ( jc m c j v m v \ J M )  (jc m'c kc qc | j c m c)
(J v  m 'v  K  9 v  I k \ 9 i )  ( I  - m [  k x q { \ s  m s )  W  ( I j v  s k v ; s  k x ) , ( D . 5 )
w h e re  0 \ =  m,lm'lm sm (:m lcm vm'vkl ql . F r o m  e q u a tio n  D .5  w e th e n  w rite ,
( l  —  m j  I. r n ,  | f c „  f / 0 )  (1 m,s m| j v  (1 - m [  f c ,  9,  | s  m . )  =
s j / o  ( _ 1 )2(l+W 4 + 2 l+ 3 .+ m 1+ k 0- 2 * 1 y  fc() g J  ; TOj)
l2k\
(jv - m v s m s \l —m i) (s m s I m\ \ kx qx) . ( D .6)
T h e  p h a s e  in  e q u a tio n  D .6 m a y  b e  re w r it t e n  as
 ^ ^ 2 l—m'i+3s+mv+ka—q0+2kl ijJ
A f t e r  s u b s t it u t in g  w it h  th e  la s t  tw o  e q u a tio n s  a n d  u s in g  e q u a tio n  D .2 ,  e q u a t io n  D .5
m a }' b e  w r it t e n  as,
E S l v k  ( - l ) ' - 2 s + i ” + fc . - « . + * !  w  ( l  j ,  s  k v \ s  k , ) W  ( j v  s  k B I ; l  k j
(T'2
(ko 9o Jv - m v | ki - q j  ( jc m'c j v m!v \ J M ')  ( jc m'c kc qc \ j c m c)
U c  m c j v m v I J M )  ( jv m'v kv qv \ kx qx) , ( D .8)
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w h e re  cr2 =  m.cm'cm,vm!vklql .
N e x t, w e set,
( jv m v K  (lv \ ki (h )  (ko 7o jv ~ m v I *:i  ~ 7 i )  =
e 1 ( - l )Jw_mw+fcl~91 ( jv m'v hv qv | kx qx) (kx ql kQ qQ | j v m v ) , ( D .9 )
Jv
f ro m  w h ic h  w e see t h a t  qx + q 0 =  m v) so t h a t  e q u a t io n  D .8, u s in g  e q u a t io n  D . l ,  m a y  
b e  w r it t e n  as,
E  SlMk( —1) l+ 2 s+ 2 jv+ k 0- 2(70 w  ^  K  w  ^
W  (jv K  j V k0 ; kl k'l) ( K  Qv k0 7o I k2 (h )  (jv m v k2 72 I Jv m v)
(jc m>c jv m 'v I J M > ) (jc m c jv m v I J M ) (jc m 'c K  7c I jc m c) > (D .10)
w h e re  cr3 =  m cm'cm vm ,vkl k2q2. F r o m  t h is  w e set,
(jv m'v k2 72 I Jv m v) Uc m c Jv m v I J M ) =  T -  ( - l )^ -™ 2^^ 2
Jv
( j v  ~ m v k 2  72 I j v  ~ m 'v) U c  m c  J ~ M  I j v  ~ m v )  > ( D - 1 1 )
w h ic h , u s in g  e q u a tio n  D . l ,  a llo w s  u s to  w r it e  e q u a t io n  D .1 0  as  
Y 2  f j v J k 0 k ^ k 2 k 3 ^ i y + ^ + 23 v + 3 c - m c + k 0 - 2 qo+ k 2+ q 2
CT4
W  (I j v s kv ; s kx) W  ( jv s k f l - J k f  W  ( jv kv j v k0 ; kx k2)
W  U c  J jv k2 ; jv  ks) ( K  71, k 0 70 I k2 72) (J  - R I  k2 72 I k3 73 )
(jc m c k3 73 I Jv -m 'v )  Uc m'c jv m'v 1 J M ')  ( jc m!c kc qc \ j c m c) , ( D .12)
w h e re  er4 =  m j n lcm!vkl k2q2k3q3.
F r o m  e q u a t io n  D .1 2  w e m a y  w rit e ,
(J  — M  k2 q2 | k:i qf) (kv qv kQ qQ \ k2 q2) =
{ _ l ) J + K + k 0 - h( f c 2  j  _ M  j }  ( f c o  ^  ! & 2 & )  (D.13)
a n d
( i c  m c }h  7 3 I j v  - m ' v )  ( i c  m ' c  j v  m !v  | J M ' )  ( j c m !c  k c  q c  | j c  m c )  =
M  ( _ 1 ) 2 3 . + % - m 0 - m t + 2 . - M ' + 2 ^  _ m ;  | fc, ^
J c h
U v  -m 'v  J M ' I j c  m 'c )  ( f c c  7 c  i c  ~ m c  I j c  ~ m 'c ) . ( D . 1 4 )
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A s  th e  m a g n e t ic  q u a n t u m  n u m b e rs  g3 , m c , m!c a n d  m'v a p p e a r in g  in  e q u a t io n  D . 1 2  
a re  s u m m e d  o v e r w e m a y  c h a n g e  th e  s ig n  o f  th e se  la b e ls  a p p e a r in g  in  t h a t  e q u a t io n  
w it h  im p u n it y .  U s in g  e q u a t io n  D . 2  w e m a y  n o w  w r it e  e q u a t io n  D . 1 2  as,
Y j  s j 2j J 2k o ^ l ^2 ( — 2jc+ J + k v+2kc+k2+q.2+k3 
(T 5
TV (I j v s kv ; s  Aq) W  ( jv s k0 I ; I k Q W  (jv kv j v kQ ; Aq k2)
t v  (J cJ  L  k2 ; Jv h )  TV ( K  Jc J  Jv ; Jc ka) (ko Qo K  Qv I k2 ch )
(k2 q2 J - M  | A:3 ~ q 3) (J M ' kc qc \ k3 q3) , ( D . 1 5 )
w h e re  erg ~  k,1k2q2k3q3 a n d  w e h a v e  a lso  u s e d  th e  fa c t  t h a t  m'c = - M '  — m'v in  th e  
m a n ip u la t io n  o f  th e  p h a se . B y  s e ttin g ,
( J M  kc qc | k3 q3) (k2 q2 J  — M  \ k3 —q3) =
j( - i  y + 2 k 2 + q 2 - k 3 { J M ,K  | k s  ( & 3  ^  ? 2  j ( D  1 6 )
a n d  u s in g  e q u a t io n  D . l  w e m a y  w r it e  e q u a tio n  D .1 5  as
Y  s f J cJ k a k lk 2k 23I< ( _ 1y+ 2s-2 jc+2J
O- 6
W  (I j v s k v ]s  kQ W  ( jv s k Ql\ l  kQ W  (jv kv j v kQ ; Aq k2)
TV Uc J  Jv k2 ; Jv ks) TV (kc j c J  j v ; j c k3) W  (J k c J k 2 ; A;3 K )
(kQ qQ kv qv | k2 q2) (kc qc k2 q2 \ K Q )  ( J M  K Q  \ J M ) , ( D . 1 7 )
w h e re  crG =  k1k3k2q2K Q .
W e  m a y  n o w  m a k e  u se  o f  th e  s y m m e t ry  p r o p e rt ie s  o f  th e  R a c a h  W  c o e ffi­
c ie n t s  [47] a n d  w r it e  e q u a t io n  D . 1 7  as,
E  t i v U k f f k 2k l K  ( _ 1)l+2»“ 2Jc+2J+t.+2*c+'.-2
O'O
TV (s I j v A'q , Aq I) TV (Aq j v Aq j v , Aq k2) I V  (s  I kv j v \ Aq s)
TV ( jc j v J  k2 ; k3 j v) TV (kc J k 2 J  ; k3 K )  W  ( jc j v kc J  ; k3 j c)
(Aq Qo K  Qv I *2 % ) ( K  Qc k 2 Q2 I K Q )  ( J M 1 K Q  | J M ) . (D .1 8 )
U s in g  th e  re la t io n s h ip  b e tw e e n  th e  9 J  s y m b o l o f  W ig n e r  a n d  th re e  R a c a h  W
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coefficients [47] given by.
a b c
d e f
g h i
> = 5 3  P i V ( a i d h \  k g) W  (b f  h d ; k e ) W { a i b f ; k c ) , (D .1 9 )
e q u a t io n  D .1 8  m a y  b e  w r it t e n  as,
E  s'jyjjk:0k2li( _ i ) I+2s- 2ic+2J+A,„+2fcc+fc.i
(T7
( * o  %  I k 2 Q2)  ( K  9 c  k 2 9 2  I x  Q )  { J M  K Q  | J - M )
s  A q  s
J v  k 2 J v }  <
I kQ I
( D . 2 0 )
J c K  Jc
J  K  J
Jv k2 Jv✓ N
w h e re  <r7 =  K Q k 2q2 .
F r o m  th e  9 J  s y m b o ls  w e see t h a t  (s ,  j v , I),  ( j c , kc) j c) a n d  ( jC) J , j v) s a t is fy  th e  so -  
c a lle d  ‘t r ia n g u la r  c o n d it io n s . ’ F o r  th re e  a n g u la r  m o m e n ta , a, b a n d  c, o b e y in g  th e se  
c o n d it io n s  a ±  b ±  c is  a n  in te g e r fo r  a n y  c o m b in a t io n  o f  s ig n s  ta k e n  a n d  w e m a y  
w r it e ,  ( —1) n+b+c _  a b c qqm g j.jie  p jia s e  j n  e q u a t io n  D .2 0  m a y  b e  w r it t e n  as,
^  _ j \ i + 2 s — 2 jc + 2 J + k v + 2 k c + k 2    ^ / + f c k, +A: 2 2 1 )
a n d  e q u a t io n  D . 3  m a y  f in a lly  b e  w r it t e n  as,
E  sjl'jJkQk2k( _ i ) - ,+t»+i:2
(77
( h  9o K, 9v I k2 92) i h  9C k2 92 I K Q ) (J M ' K Q  I J M )
( D .22)
s
\
kv s
f
Jc K
\
Jc
Jv k2 Jv > < j K J
I
V
A;0 I JvK k2 Jv
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A p p e n d i x  E
Reaction cross section calculations
W i t h  th e  a d v e n t o f  r a d io a c t iv e  n u c le a r  b e a m s  a  g re a t  d e a l o f  e ffo rt h a s  b e e n  e x p e n d e d  
o n  th e  s t u d y  o f h a lo  n u c le i [69, 70 , 7 1 , 7 2 ]. A n  im p o r t a n t  p a ra m e t e r  h e lp in g  to  d e ­
te rm in e  t h e ir  s t r u c t u r e  is  th e  r.m .s . r a d iu s  o f  th e  n u c le a r  m a t t e r  d is t r ib u t io n .  V a lu e s  
f o r  t h is  p a ra m e t e r  h a v e  p r e v io u s ly  b e e n  o b ta in e d  b y  c o m p a r in g  e m p ir ic a l  v a lu e s  o f  
Of w it h  c a lc u la t e d  v a lu e s  o f  o r  f ro m  th e  o p t ic a l l im it  G la u b e r  m o d e l [2, 3, 4]. I n  t h is  
a p p r o a c h  e v a lu a t io n  o f  o r  re d u c e s  to  th e  p r o b le m  o f c a lc u la t in g  th e  t r a n s p a r e n c y  o f  
th e  c o llis io n ,  T  (6),  t h is  q u a n t it}7 g iv in g  th e  p r o b a b il it y  th a t, a t  im p a c t  p a ra m e t e r  6, 
th e  p r o je c t i le  p a sse s  t h ro u g h  th e  t a rg e t  to  e m e rg e  in  th e  e la s t ic  c h a n n e l.  C a lc u la t io n  
o f T  m a y  b e  a c h ie v e d  b y  f in d in g  th e  o v e rla p  o f  th e  z -in t e g ra t e d  p r o je c t i le  a n d  t a rg e t  
s in g le  p a r t ic le  d e n s it ie s  [7], th u s  a n  r.m .s . r a d iu s  o f  th e  p r o je c t i le ’s s in g le  p a r t ic le  
d e n s it y  m a y  b e  d e d u c e d  fro m  c a lc u la t io n s  o f  o r .
C a lc u la t e d  v a lu e s  o f  ctr. d e p e n d e d  h e a v ily  o n  th e  r.m .s . r a d ii  o f  th e  d e n s it y  
d is t r ib u t io n s  b u t  a p p e a re d  q u it e  in s e n s it iv e  to  a n y  o f  t h e ir  o th e r fe a t u re s  [73]. T h e  
w o r k  o f  t h is  a u t h o r  a n d  c o -w o rk e rs  in  re fe re n c e  [32] (a p p e n d e d  to  th e  re a r  c o v e r)  
c le a r ly  d e m o n s t ra t e s  t h a t  th e re  is  a n  u n d e r ly in g  s e n s it iv it y  to  h ig h e r  m o m e n t s  o f  
th e  h a lo  n u c le i d e n s ity  d is t r ib u t io n  t h a t  is  s t ro n g ty  d e p e n d e n t o n  th e  ta rg e t  m a s s  in  
o p t ic a l l im it  G la u b e r  m o d e l c a lc u la t io n s  o f  o r .
S im ila r  c a lc u la t io n s  to  th o se  o f  re fe re n c e  [32] h a v e  s in c e  b e e n  p e rfo rm e d  m o d e llin g  
th e  s in g le  p a r t ic le  d e n s ity  o f 11 L i  w it h  a n  e x p o n e n t ia lly  d e c re a s in g  t a il.  T h i s  d e n sity ,
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p a r t ly  in s p ir e d  b y  a  h a r m o n ic  o s c il la t o r  s in g le  p a r t ic le  d e s c r ip t io n ,  is  g iv e n  b y
p (r )  -  X c e x p  +  ^  e x p  ( - n r )  . ( E . l )
T h e  v a lu e  o f  k  w a s f ix e d  a t 0 .4  f m - 1 , t h is  re p ro d u c e d  th e  lo n g  t a i l  o f  th e  L 6A  m o d e l  
d e n s it y  o f  11 L i,  f ro m  re fe re n c e  [9], t h a t  w a s u se d  in  re fe re n c e  [32]. V a lu e s  o f  th e  
p a ra m e t e rs  A c a n d  (3 w e re  c h o s e n  to e n s u re  t h a t  th e  f irs t  te rm , re p re s e n t in g  th e  
c o re  c lu s t e r ,  w a s n o r m a lis e d  to n in e  n u c le o n s  a n d  th e lo n g e r ra n g e d  s e c o n d  te rm ,  
r e p re s e n t in g  th e  v a le n c e  n e u t ro n s , w a s n o r m a lis e d  to two. A  s u it a b le  c h o ic e  o f  v a lu e s  
fo r  A c a n d  (3 t h e n  a llo w s  a  se rie s  o f  d e n s itie s , e a ch  w it h  a  fix e d  r.m .s . r a d iu s  b u t  w it h  
d if f e r in g  h ig h e r  m o m e n ts , to  b e  p ro d u c e d . A f t e r  c a lc u la t in g  g r  fo r  a  n L i  p r o je c t i le  
o n  p, i2 C  a n d  208P b  t a rg e t s  a t 8 0 0  M e V  p e r  n u c le o n  th e  s a m e  c o n c lu s io n s  as g iv e n  in  
re fe re n c e  [32] w e re  d ra w n . T h e  o n ly  q u a lit a t iv e  d iffe re n c e  b e tw e e n  th e  re s u lt s  u s in g  
th e  d o u b le  G a u s s ia n  a n d  e x p o n e n t ia l t a il  d e n s ity  m o d e ls  w a s th a t ,  fo r  th e  c a se  o f  
th e  i2 C  ta rg e t, p lo t s  o f  g r  a g a in s t  {?~4) / { r 2)2 n o w  h a d  a  v e ry  s m a ll  n e g a t iv e  g ra d ie n t.
A t  th e  h e a rt  o f  th e  g r  c a lc u la t io n s  lie  th e  s in g le  p a r t ic le  d e n s it y  d is t r ib u t io n s  o f  
th e  p r o je c t i le  a n d  ta rg e t, h o w e ve r, in  th e  ca se  o f  h a lo  n u c le i t h is  d e n s it y  d o e s n o t  
r e a l is t ic a l ly  re p re s e n t th e  in t r in s ic  g r a n u la r  n a t u re  o f  th e  f e w -b o d y  s y s te m . T h i s  
a s p e c t  o f  th e  c a lc u la t io n  h a s  b e e n  re c o g n is e d  b y  s e v e ra l w o rk e rs  in  t h is  fie ld  [31, 7 3 ,  
7 5 , 76]. T o  in c o r p o r a t e  th is , th o se  c a lc u la t io n s  s t a rt ,  as d o  a l l  G la u b e r  t h e o re t ic a l  
a p p ro a c h e s , b y  a p p ly in g  th e  a d ia b a t ic  a p p r o x im a t io n  to  fre e ze  th e  c o o r d in a t e s  o f  
th e  in d i v id u a l  c o n s t it u e n t s  o f  th e  p r o je c t ile  d u r in g  th e  c o u rs e  o f  th e  in t e r a c t io n  w it h  
th e  ta rg e t. I t  is  th e n  a s s u m e d  t h a t  e a ch  p r o je c t ile  c o n s t it u e n t  fo llo w s  a  s t ra ig h t  
l in e  t r a je c t o r y  a n d  in t e r a c t s  w it h  th e  ta rg e t  v ia  a  t w o -b o d y  in t e r a c t io n . T h e  S -  
m a t r ix  e le m e n ts  o f  th e  in d iv id u a l  p r o je c t ile  c o m p o n e n ts , S 7, w e re  th e n  c a lc u la t e d  
in  a  s im ila r  w a y  to t h a t  o f  th e  t r a n s p a r e n c y  f u n c t io n  d e s c r ib e d  in  re fe re n c e  [32]. 
T h e  p r o je c t ile -t a r g e t  S - m a t r ix  w a s th e n  fo u n d  b y  a v e ra g in g  th e  p r o d u c t  o f  th e  S * 
o v e r a l l  c o n f ig u ra t io n s  o f  th e  p r o je c t i le  a n d  th e  t r a n s p a r e n c y  o f  th e  c o llis io n  w a s  
e v a lu a t e d  fro m  T  (b) =  |S (b) |2 [31, 7 5 ]. T a k in g  in to  a c c o u n t  th e  f e w -b o d y  n a t u r e  o f  
th e  h a lo  n u c le i in  t h is  w a y  re d u c e d  th e  c a lc u la t e d  v a lu e  o f  g r, a n d , as a  c o n s e q u e n c e ,  
s ig n if ic a n t ly  in c re a s e d  r.m .s . m a t t e r  r a d i i  w e re  p ro p o s e d  fo r  h a lo  n u c le i [31, 7 5 ].
Neglecting term I 2 in equation 2.10
A p p e n d i x  F
T h e  t e r m  /2 in  e q u a t io n  2 .1 0  is  g iv e n  b y
4 = 4
S ' ]  J  i  ***’|!-«,«■"01 i ly*(R- “•r)”(*■R~ r>]****■
Ii=0 0=0 f = - l
( F . l )
w h ic h ,  a ft e r  in t e g r a t in g  b y  p a r t s  a n d  t a k in g  in t o  a c c o u n t  th e  s m o o t h n e s s  o f  t h e  f u n c ­
t io n  V + p, is  se e n  to  b e  o f  o r d e r  —  c o m p a r e d  to  th e  p r e c e d in g  t e r m  in  e q u a t io n  2 .1 0  
a n d  so  m a y  b e  n e g le c te d .
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Comparison of numerical 
calculations
A p p e n d i x  G
T h e  n u m e r ic a l  c h e c k s  o f  th e  t h r e e - b o d y  G la u b e r  m o d e l c o d e  a g a in s t  th e  c o d e s  C u p i d ,  
D D T P  a n d  L i n a 3  w e re  p e r f o r m e d  o v e r th e  a n g u la r  ra n g e  f ro m  0 — 2 0 °  in  th e  c e n t re  
o f  m a s s  f ra m e .
C e n t r a l  in t e r a c t io n s  w e re  d e s c r ib e d  b y  th e  G a u s s ia n  p o t e n t ia l
r* x (  r 2 \ , x (  A  =  1 , 5  =  0 r e a l
V  ( r )  =  -V c e n t  e x p  - - —  j ( A  +  i B )  < ( G . l )
\  a Cent J y A  =  0, B  =  1 im a g  ,
w h e re  V c ent =  1 0  M e V  a n d  a Gent =  fib  fm . I n  th e  t h r e e - b o d y  G l a u b e r  c o d e  t h is  
p o t e n t ia l  w a s  ta k e n  to  d e s c r ib e  th e  c e n t r a l  in t e r a c t io n s  o f  e it h e r  t h e  c o re  c lu s t e r -  o r  
th e  v a le n c e  c lu s t e r - t a r g e t  in t e r a c t io n  s e p a ra t e ly .
S p in - o r b it  in t e r a c t io n s  w e re  d e s c r ib e d  b y  th e  s u rfa c e  f o r m  W o o d s - S a x o n  p o t e n ­
t ia l,
y L . S ( r )  =  _ % £ ( c + .D )  e x p ( ®
rciL-s [1 +  e x p  ( a )]2
C  =  1, D  =  0 r e a l
( G . 2 )
C  =  0, D  =  1 im a g
re g a r d le s s  o f  th e  s p in  o r  m a s s  o f  th e  in t e r a c t in g  p r o je c t i le  c lu s t e r .  I n  t h is  p o t e n t ia l  
w e  h a v e  s e t th e  f a c t o r  o f  ( -^ ~ )  =  2 f m 2 a n d  x  =  -—-.k:s.Ar w frere  A t  is  th e  t a rg e t\m nc j  a L.s 5 x °
m a s s  n u m b e r,  Vl -s — 0 .5  M e V ,  t l -s  =  1*15 fm  a n d  ap.s  =  0 .6  fm .
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F o llo w in g  th e  p r o c e d u r e  s t a t e d  in  s e c t io n  4 .1  a n d  u s in g  th e  p o t e n t ia ls  g iv e n  a b o v e  
it  w a s  p o s s ib le  to  c o m p a re  th e  a n g u la r  d is t r ib u t io n s  o f  d if f e r e n t ia l  c ro s s  s e c t io n s  
c a lc u la t e d  u s in g  th e  d iffe re n t  c o d e s . S p e c if ic a lly ,  e a c h  c a lc u la t io n  w a s  p e r f o r m e d  
a s s u m in g  th e  p r o je c t i le  to  h a v e  a  la b o r a t o r y  e n e rg y  o f  4 0 M e V / n u c le o n ,  th e  t a rg e t  
to  b e  a  s p in le s s ,  m a s s  12 c lu s t e r  a n d  n e it h e r  t a rg e t  o r  p r o je c t i le  to  c a r r y  a n y  c h a rg e .  
C a lc u la t io n s ,  u s in g  th e  t h r e e - b o d y  G la u b e r  m o d e l,  w e re  p e r f o r m e d  in  w h ic h  o n ly  
p r o je c t i le  c o re  c lu s t e r -  o r  p r o je c t i le  v a le n c e  c lu s t e r -t a r g e t  in t e r a c t io n s  w e re  p re s e n t.  
I n  t h e  f o r m e r  c a s e  th e  p r o je c t i le  c o re  c lu s t e r  w a s  t a k e n  to  b e  o f  m a s s  7  a n d  th e  
v a le n c e  c lu s t e r  to  b e  o f  n e g lig ib le  m a s s  a n d  in  th e  la t t e r  c a s e  t h e  p r o je c t i le  v a le n c e  
c lu s t e r  w a s  t a k e n  to  b e  o f  m a s s  1 a n d  th e  c o re  c lu s t e r  to  b e  o f  n e g lig ib le  m a s s . I n  a l l  
c a lc u la t io n s  th e  in t e r a c t io n  w a s  a s s u m e d  to  b e  e it h e r  p u r e ly  r e a l o r  p u r e ly  im a g in a r y .  
C o m p a r is o n s  w e re  t h e n  m a d e  b e tw e e n  th e  d if f e r e n t ia l  c ro s s  s e c t io n s  c a lc u la t e d  fo r  
p u r e ly  r e a l  a n d  p u r e ly  im a g in a r y  c e n t r a l  in t e r a c t io n s  b e tw e e n  e it h e r  t h e  p r o je c t i le  
c o re  o r  v a le n c e  c lu s t e r  a lo n e  w it h  th e  t a rg e t  in  th e  t h r e e - b o d y  G la u b e r  m o d e l a n d  
th e  c o r r e s p o n d in g  c a lc u la t io n s  p e r f o r m e d  u s in g  th e  c o d e s  C u p i d  a n d  D D T P .  C o m ­
p a r is o n s  w e re  a ls o  m a d e  b e tw e e n  th e  d if f e r e n t ia l  c ro s s  s e c t io n s  c a lc u la t e d  a s s u m in g  
p u r e ly  r e a l  a n d  p u r e ly  im a g in a r y  s p in - o r b it  in t e r a c t io n s  b e tw e e n  th e  p r o je c t i le  c o re  
c lu s t e r ,  w h ic h  w a s  a s s u m e d  to  h a v e  a  s p in  o f  e it h e r  ~,1 o r  | ,  w it h  th e  t a rg e t  in  
th e  t h r e e - b o d y  G la u b e r  m o d e l a n d  th e  c o r r e s p o n d in g  c a lc u la t io n s  f r o m  t h e  c o d e s  
C u p i d ,  C u p i d  a n d  D D T P  o r  C u p i d  a n d  L in a 3 ,  re s p e c t iv e ly . S im ila r ly ,  c o m p a r is o n s  
w e re  a ls o  m a d e  b e tw e e n  t h e  d if f e r e n t ia l  c ro s s  s e c t io n s  c a lc u la t e d  f r o m  th e  t h r e e - b o d y  
G la u b e r  c o d e  a s s u m in g  p u r e ly  r e a l a n d  p u r e ly  im a g in a r y  s p in - o r b it  in t e r a c t io n s  b e ­
tw e e n  t h e  p r o je c t i le  v a le n c e  c lu s t e r ,  o f  s p in  | ,  w it h  th e  t a rg e t  w it h  th e  c o r r e s p o n d in g  
c a lc u la t io n  f r o m  th e  c o d e  C u p id .
F ig u r e  G . l  s h o w s  t y p ic a l  r e s u lt s  o f  th e  c a lc u la t io n s  fo r  th e  c a s e  o f  c e n t r a l in t e r a c ­
t io n s  a n d  f ig u r e  G . 2  s h o w s  t y p ic a l  r e s u lt s  o f  th e  c a lc u la t io n s  fo r  th e  c a s e  o f  s p in - o r b it  
in t e r a c t io n s .
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